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Despite lacking muscle cells, plants demonstrate shape-transforming movements in response to 
environmental conditions for accomplishing tasks such as growth, defense, nutrition, and 
reproduction. Motivated by the fascinating behavior of plants, this dissertation investigates the 
programmable, on-demand, and autonomous reconfiguration of stimuli-responsive bilayer 
systems (one layer expanding more than the other in response to the stimulus) into complex 
three-dimensional architectures. The mechanistic design principles responsible for bilayer 
morphing have been established and validated through a combination of nonlinear finite element 
modeling and experiments with cross-linked polymeric systems.  
 
Several classes of structures such as hemispherical domes, convex regular polygons, star-shaped 
planar bilayers and geometries with spatial cuts have been considered and the relationships 
between their initial shapes, applied stimuli, and final configurations have been proposed. The 
hemispherical domes demonstrated the snap-through behavior at critical mismatch strains and 
thus mimicked the fast leaf closure of Venus flytrap. Understanding the snap-through behavior of 
engineered materials opens up the possibilities to realize fast actuation with systems that are 
inherently soft. The convex regular polygons demonstrated a bifurcation type of structural 
instability where they transitioned from doubly curved axisymmetric shapes to singly curved 
asymmetric ones at critical strains. Bifurcation occurs solely due to nonlinear geometric effects 
and hence the results of this research contribute toward a rational understanding of bilayer self-
folding behavior. The hinge-less bilayer stars morphed into axisymmetric gripper-like 
configurations at high mismatch strains. Self-folded grippers that are widely used in micro/ nano-
iii 
 
manipulation have previously been fabricated from patterned multi-layer architectures with 
spatially separated hinges. As this work proposes an unpatterned, hinge-less, and simple bilayer 
design to realize the grippers, the findings would not only simplify the current fabrication 
procedures but also enable novel functionalities. Finally, the introduction of cuts within the 
bilayer geometry provided novel design frameworks to generate biaxially curved complex 
architectures.    
  
The computational models developed in this research are independent of length scales and 
material properties. Hence, the proposed mechanistic guidelines would be applicable to a variety 
of material systems and external stimuli to engineer sensors, actuators, artificial muscles, energy 
harvesting devices, deployable structures, flexible electronics, reconfigurable biomedical, and 
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Plants, although historically separated from other forms of living entities by their immobility, 
demonstrate shape-transforming movements for accomplishing tasks such as growth[1], 
defense[2], survival[3], seed dispersal[4], and storage[5] in response to environmental conditions as 
diverse as gravity[1], shock[2], touch[6], moisture[7], light, and temperature[8]. This is particularly 
fascinating as plants do not have well-defined muscular systems as seen in motile creatures. The 
rich set of environmentally responsive plant behaviors across length and time scales coupled 
with recent advancements in manufacturing have motivated researchers to enhance their efforts 
toward the development of stimuli-responsive materials and eventually apply them to design 
smart structures that can undergo reconfiguration in a programmable manner. Adaptive materials 
responsive to pH, temperature, light, biochemical enzymes, solvent quality, electrochemical 
processes, moisture, electric and magnetic fields have been used to translate the biological design 
principles into functional devices of disciplines as diverse as sensing, actuation, drug delivery, 
soft robotics, optics, microfluidics, microfabrication, smart surfaces, tissue engineering, lab-on-
a-chip, optoelectronics and artificial muscles[9–16]. 
 
One particular design principle through which plants achieve stimuli-responsive organ actuation 
is the utilization of bilayer structures consisting of composites[17]. These composites are 
reinforced along different directions and hence demonstrate different swelling–shrinking 
behavior during the inflow and outflow of water. These differences introduce mismatch strains 
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that cause the bilayer to deform in the presence/absence of water. Motivated by the shape-
transforming behavior enabled by bilayer tissue architectures, my dissertation aims to establish 
and validate the mechanistic design principles for programmable, on-demand, and autonomous 
reconfiguration of stimuli-responsive bilayer systems (one layer expanding more than the other 
in response to the stimulus) into complex three-dimensional architectures. I used a combination 
of nonlinear finite element modeling and experimentation with cross-linked polymeric samples 
in my research. In this chapter, I will first mention a few examples of the plant responsive 
mechanisms. Then, I will briefly describe different types of stimuli-responsive material systems 
and review relevant literature on the mechanistic modeling of bilayer systems. 
 
1.1 Plant Responsive Behavior 
Botanists often classify the environmentally responsive plant movements as nastic or tropic ones. 
Nastic movements do not depend on the direction of the stimulus, while the directions of tropic 
movements follow/ oppose that of the stimulus[18]. Below we describe two examples of each 
type: 
 
# Sunflower solar tracking (Figure 1.1): The leaves of sunflower plants demonstrate a tropic 
movement by tracking the sun as its leaves move continuously in an effort to orient themselves 
perpendicular to the sun's rays throughout the day. This way the plant can maximize the amount 
of photosynthesis at a given time of the day. Fig. 1.1 shows some images of this that the leaves 
are tilted toward the right earlier in the day, that they horizontal in the middle of the day and 




# Corn seedling phototropism (Figure 1.2): Corn seedlings demonstrate another type of tropic 
movement where they bend toward the direction of an artificial light source (n absence of 
sunlight) and maintain that state for extended periods. When the artificial light source is turned 
off, the seedlings become vertical under sunlight. Fig. 1.2 shows some images of this type of 
behavior.  
 
# Water lily opening-closing (Figure 1.3): The petals of water lily demonstrate nastic movements 
through reversible bending for opening (in morning) and closing (at night) the entire flower. This 
mechanism enables the reproduction and defense of this particular species. Fig. 1.3 shows 
representative images. 
 
# Shy plant leaf closure (Figure 1.4): The leaves of the shy plant demonstrate a type of nastic 
movement in response to heat. As shown in fig. 1.4, the tip of the leaf starts closing when there is 
an external source of heat. Eventually, the entire leaf closes down as the signal transmits through 
the leaf. The speed of leaf closure depends on the intensity and duration of the external stimulus.  
 
1.2 Stimuli-Responsive Systems     
In this section, I will mention engineered material systems responsive to temperature, chemical 
entities, magnetic, and electric fields. As the experimental works of this thesis revolve around on 
soft polymeric systems, stimuli-responsive materials used in soft actuators are emphasized.   
 
Thermal expansion arising from infrared light, thermal radiation, and joule heating has also been 
explored to realize soft actuating systems[19]. Light absorbent materials such as graphene and 
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conductive materials such as CNTs are often incorporated into the polymeric systems for 
enhanced thermal sensitivity[19]. On this front, elastomers such as PDMS, hydrogels such as 
PNIPAM, electroactive systems such as polypyrrole, liquid crystalline materials, and shape 
memory polymers have been used to develop swimmers, robotic hands, and cell capturing 
systems[20–26]. 
 
Similar to plants, materials responsive to chemical entities rely on the diffusion of the chemicals 
in and out of their internal structure. Polymeric systems, owing to their porous cross-linked 
nature and low modulus, demonstrate considerable actuation strains through selective diffusion 
of chemical species within themselves[19]. Shape memory polymers, hydrogels, and liquid crystal 
elastomers that are responsive to solvents, water and pH buffer solutions have been developed by 
different research groups[27–36]. 
 
Magnetic fields induced forces and torques have been used to design stimuli-responsive 
actuators. Due to the widespread usage of magnetic fields in biomedicine and the potential to 
actuate remote structures from long distances, magnetic field sensitive materials hold significant 
potential for drug delivery and minimally invasive surgical procedures[19]. Smart actuators have 
been developed by incorporating different types of magnetic particles into the polymeric 
matrices such as PDMS, rubbers, polyurethanes, and gels[19,37–40].     
 
In electric field responsive systems, actuation occurs due to the motion of ions and/ or 
electrostatic forces. These systems not only offer the opportunity to be integrated conventional 
electronics and power sources, but also the magnitude and frequency characteristics of the 
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electric signals for their actuation could also be modulated[19]. Carbon nanotube based 
composites, liquid metals, and several different classes of polymers such as dielectric, 
ferroelectric, liquid crystalline, ionic, and non-ionic gels have been reported to demonstrate 
electric field responsive behavior[41–47]. 
 
1.3 Mechanistic Modelling of Bilayers 
In this section, I will discuss research efforts on the mechanistic modeling of free-standing beam 
and plate-like bilayer systems. For beam-like bilayers, Timoshenko's pioneering work proposed 
an analytical expression demonstrating how the bending curvature depends on the beam 
geometric parameters and the applied stimulus[48]. For thin bilayered plates, Freund's work 
demonstrates how the curvature depends on different parameters in the nonlinear deformation 
regime and the effects of bifurcation[49]. 
 
Timoshenko's work was originally intended to understand the performance characteristics of bi-
metallic strip thermostats. A narrow strip was considered where two dissimilar metals were 
perfectly joined with each other. Owing to the difference in thermal expansion coefficients of the 
constituent metals, the strip will undergo uni-directional bending due to changes in its 
temperature. Some of the key assumptions for this work was that the thermal expansion 
coefficients remained the same throughout the operating temperature, the supports were 
frictionless, the width of the strip was negligible compared to its length, the materials 
demonstrated linear elastic constitutive relationships and the strip deformations were relatively 
small. Fig 1.5 shows the straight and bent configurations of the strip at low and high 
temperatures. When the bottom layer expands more than the top one, the strip will bend 
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downward (bottom-most surface curved convexly). In addition to the bending moments, the top 
layer will be under tension and the bottom one will be under compression due to the differential 
thermal expansion. Through the consideration of equilibrium and the fact both the metals 
experienced similar deformation at their bearing surface, the following expression was obtained:   
 
                                                                                                    (1) 
Here,  
R = Radius of the curvature 
α = Thermal expansion coefficient (subscript 2 denotes the bottom layer and 1 denotes the top 
one) 
ΔT = Temperature difference 
m = Thickness ratio (top layer thickness/ bottom layer thickness) 
h = Total thickness of the strip 
n = Young’s moduli ratio (top layer/ bottom layer) 
 
The effect of a lateral dimension (width ~ length) on the shape transformation behavior of 
bilayers has been considered in the context of residual stress induced curving of thin films 
(bonded to a substrate). This work was originally intended to estimate the residual stress of thin 
films (arising from their deposition processes and thermal expansion mismatch) bonded to a 
substrate. While Stoney's formula[50] has long been used for understanding this class of problems, 
it only considered a spherical shape of the bilayer (uniform values of curvature along the two in-
plane directions). For thin plate-like bilayers, geometric nonlinearities play important roles in 
their deformation and hence the possibility of bifurcation (transition from spherical to cylindrical 
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shape) emerges. In his work, Freund considered both the deformation modes and showed that at 
critical strains, indeed bifurcation from an axisymmetric spherical deformation mode to an 
asymmetric cylindrical one takes place. For the axisymmetric mode, he assumed parametric 
forms for the in-plane and out-of-plane displacement components. Based on the assumed forms 
the total potential energy of the system was minimized to get the following mismatch strain-
curvature relationship: 
 
                                                                                                                      
(2) 
 
Here,    
 
  = Normalized mismatch strain   
 
  = Normalized curvature 
 
R = Radius of the bilayer 
 




E = Young’s modulus 
 
 = Poisson’s ratio 
 
εm = Mismatch strain 
 
κ = Bilayer curvature 
 
As shown in Figure 1.6, the curvature values become nonuniform at high strains for the 
axisymmetric deformation mode. At high strains, maintaining the axisymmetric mode would 
require a considerable amount of mid-section stretching (in-plane) in addition to bending (out-of-
plane). This is energetically expensive compared to the asymmetric deformation mode where the 
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bilayer only undergoes unidirectional bending. For the asymmetric mode, Freund considered 
displacement and strain functions for an ellipsoidal shape and then used the principle of 
minimum potential energy to get: 




κx , κy = Curvature along two orthogonal directions 
 
As shown in eqn. 3, both the spherical (κx = κy) and cylindrical (κx ≠ κy) deformation modes are 
possible equilibrium configurations. At the bifurcation mismatch strain, the spherical 
configuration becomes unstable and the bilayer transitions to the cylindrical mode. Beyond 
bifurcation, the cylindrical mode continues as the curvature keeps increasing along one direction 
and decreasing along the orthogonal direction (Figure 1.7). 
 
1.4 Thesis Organization 
In this thesis, I described my research efforts on the stimuli-responsive shape transformation 
behavior of different engineered systems. In chapter 2, I will discuss the snap-through and 
bifurcation of hemispherical domes. In chapter 3, I will cover the gradual inversion, snapping, 
and creasing of curved bilayer beams attached to flexible supports. In chapter 4, I will talk about 
the bifurcation of equilibrium states observed in self-folding bilayers. In chapter 5, I will propose 
the design principles to realize functional grippers from hinge-less bilayer systems of uniform 
thickness. In chapter 6, I will explain the effects of Kirigami cuts on the morphing behavior of 
bilayers. In chapter 7, I will summarize the major findings of my work and mention possible 
research directions that could be pursued building upon this work.   
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Programmable Shape Transformation of Elastic Spherical Domes 
The material in this chapter has been published in Soft Matter, 2016, 12, 6184 
  
2.1 Introduction 
Similar to the plant kingdom where a majority of the movement speeds are limited by the 
poroelastic time (a measurement of how rapidly osmotic gradient driven water diffusion takes 
place within a plant)[1,2], response times of bio-inspired actuators also depend heavily on the 
diffusion processes of the stimuli through them[3,4]. However, the carnivorous plant Venus flytrap 
(Dionea muscipula) couples mechanical instabilities with fluid transport to break the poroelastic 
time limit and demonstrates fast leaf closure (~ 0.1 s) to capture prey[5]. The mechanism behind 
the fast leaf closure has been attributed to snap-through instability, a phenomena where the 
leaves rapidly transition from one stable state (open) to another one (closed) through a sudden 
release of its stored elastic energy[6]. Similar to the flytrap leaves, elastic spherical dome-shaped 
structures also demonstrate snap-through[7] and bi-stable behavior[8] under mechanical actuation. 
As these behaviors are independent of scales and/ or material properties, designing synthetic 
spherical domes that are responsive to external stimuli presents a viable route to emulate Venus 
flytrap and thus realize bio-mimetic functional devices whose actuation speeds are not restricted 
by the diffusion of the stimuli. Researchers have demonstrated the possibilities of fast actuation 
through the stimuli-responsive behavior of dome-shaped structures by designing jumping 
hydrogel device[3], polymer-based dynamically tunable surface topography[9], and bi-stable 
colloidal micro-particles[10]. While these works demonstrate the broad applicability of the flytrap 
responsive mechanism across diverse systems of materials, stimuli, and length scales, detailed 
understanding of how domes of arbitrary geometry will respond to an applied stimulus is 
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currently lacking. A comprehensive model encompassing the dome structural characteristics, 
extent of the applied stimuli, and transformed configuration will not only enhance the 
aforementioned applications but also guide unprecedented functionalities by establishing key 
design principles.       
 
In this chapter, I investigated how the shape transformation behavior of a spherical dome in 
response to changes in dome surroundings is affected by the dome geometric and structural 
characteristics. I considered a bilayer design (Figure 2.1) where the inner layer expands with 
respect to the outer layer in response to a suitable stimuli, and use this differential expansion to 
study mismatch strain driven dome shape transformation. I developed finite element models to 
elucidate the relationships between the bilayer dome structural characteristics, applied mismatch 
strain, and transformed configuration. My model revealed that in addition to snap-through, the 
bilayer domes undergo an additional instability known as bifurcation buckling at a critical value 
of the mismatch strain. My model also enabled me to formulate phase diagrams involving 
different dome shapes and specific conditions required to achieve them. In an effort to validate 
the model predictions, I performed experiments with polymer-based elastic bilayer domes where 
the constituent layers demonstrate different swelling behaviors in organic solvents. The 
experimental results qualitatively confirm the model predictions. The proposed principles of this 
work can be used to design deployable, multi-functional, and reconfigurable structures 






2.2 Computational Methods 
I developed three-dimensional finite element models of the bilayer spherical domes for 
understanding their stimuli-responsive shape transformation behavior. Finite element techniques 
have extensively been used to investigate spherical shells as they demonstrate large-deformation 
nonlinear behavior under indentation loading[11,12], during snap-through[7],[8] and snap-back[13,14].  
I used the commercially available finite element package Abaqus[15] for the simulations. As 
shown in Figure 2.1(c), bilayer spherical domes of varying geometry could be characterized by 
the original sphere radius r , arc length r  (  is the subtended angle of the dome at the center of 
the sphere), and thickness t . I normalized r  and r  by t  while presenting the results. I 
considered a perfect bonding scenario between the constituent layers of the dome and used the 
tie constraint at the bilayer interface. Although the dome geometry is axisymmetric in nature, I 
considered a quarter of the dome in the three-dimensional model with necessary symmetry 
boundary conditions to capture possible asymmetries during dome deformation and additional 
instabilities beyond snap-through. In the envisioned bilayer dome shape transformation, the inner 
green layer expands and the outer red layer remains passive in response to the applied stimulus 
(Figure 2.1). This is conceptually similar to a thermal expansion problem where the inner layer 
expands more than the outer layer for a given temperature increase. Consequently, I assigned a 
hypothetical value of positive thermal expansion coefficient to the inner layer of the dome model 
and kept the outer layer passive to any temperature change. Then I applied mismatch strains 
incrementally by increasing the temperature of the whole structure to simulate mismatch strain 
driven shape transformation in a quasi-static scenario. This particular modeling technique has 
been used to understand the volumetric expansion of silicon during lithiation[16–18] and pH driven 
swelling-shrinking behavior of hydrogel[10]. I used 10-node modified quadratic tetrahedron 
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elements with hybrid formulation in my model as they are less sensitive to distortion, 
geometrically versatile and does not suffer from hour-glassing and shear-locking[15]. I performed 
separate mesh refinement studies to determine the optimum mesh size and used the default 
meshing algorithm without the inclusion of any imperfection in the original model. I used 
Polydimethylsiloxane (PDMS) as the bilayer dome material in the simulations and in accordance 
with the literature[19], I considered PDMS to be an incompressible neo-Hookean material with a 
shear modulus of 0.6 MPa[20] and a bulk modulus of 739 MPa[21]. To account for large 
deformations during dome shape transformation, I activated the nonlinear geometry option and 
used Newton’s method to solve the equilibrium equations during the simulations. I utilized the 
adaptive automatic stabilization scheme available in Abaqus to treat possible instabilities[11,12,15]. 
The automatic scheme employs volume proportional artificial damping to the model as soon as 
any instability occurs. The extent of the applied damping varies spatially and could be changed 
depending on the convergence history throughout a step. For ensuring accuracy, I compared 
viscous forces with the overall forces in the analysis and found that the former is several orders 
of magnitude smaller than the later which means that the artificial damping has negligible effects 
on the system.    
 
2.3 Experimental Protocol 
I used commercially available Polydimethylsiloxane, also known as PDMS (Dow Corning 
Sylgard 184 Silicone Elastomer, Ellsworth Adhesives) and Cirius Silicone Pigments (Dick Blick 
Art Materials) to fabricate bilayer dome-shaped structures. PDMS swells in organic solvents[22] 
and it has been found that lightly cross-linked PDMS swells more than its heavily cross-linked 
counterpart[23]. In the experiments, I used these concepts to realize mismatch strain driven shape 
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transformation of the domes. For the inner layer of the dome, I used a lightly cross-linked PDMS 
(30:1 base to cross-linker ratio) and for the outer layer, I used a heavily cross-linked PDMS (4:1 
base to cross-linker ratio). To distinguish between the two layers, I added green and white 
pigments to the lightly and heavily cross-linked PDMS layers respectively (10 parts of PDMS 
mixture were mixed with 1 part of pigment to prepare the PDMS-pigment mixtures). After 
thorough mixing, both the PDMS-pigment mixtures were degassed to remove air bubbles. I used 
a previously reported casting technique[8] to make bilayer dome-shaped structures. First, the 
PDMS-pigment mixture for the inner layer is poured over chrome steel balls. This layer is then 
partially cured in an oven for 20 minutes at a temperature of 95°C. After that, the PDMS-
pigment mixture for the outer layer is poured over the balls and the bilayer is cured for one hour 
at a temperature of 110°C. After curing, the balls are cooled to the ambient temperature and the 
bilayer domes are cut from the balls using hollow punches. As shown in Figure 2.2, Domes of 
varying sizes could be obtained from this technique by appropriate selection of chrome ball and 
hollow punch sizes.  
 
For PDMS swelling experiments, I used 1-Propanol (Fisher Scientific) and Xylene (Fisher 
Scientific) as solvents. First, I measured the swelling ratios (defined as the ratio of a swelled 
length to the original length) of three square PDMS blocks of each type in different combinations 
of the above-mentioned solvents. As shown in Figure 2.3, both the lightly and heavily cross-
linked PDMS demonstrated enhanced swelling as the volume fraction of Xylene was increased 
from 0 to 75%, after which both of them remained constant. Another important fact is that, the 
difference in swelling behavior and hence the mismatch strain between the lightly and heavily 
cross-linked PDMS generally increased with increasing volume fraction of Xylene. The 
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mismatch strain at a given Xylene volume fraction could be calculated from Figure 2.3 through 
polynomial regression. I used this framework for carrying out the dome shape transformation 
experiments. First, the bilayer domes are placed in a mixture where the mismatch strain is very 
small. Then, small amounts of Xylene were added and mixed to the existing mixture for 
increasing the overall mismatch strain between the bilayer. For ensuring a uniform Xylene 
concentration and hence mismatch strain throughout the mixture container, sufficient waiting 
time was allowed in between successive additions of Xylene into the mixture. This protocol 
ensured that the mismatch strain driven dome shape transformation happened in a quasi-static 
manner with minimal strain-rate effects and hence represented the situation modeled using the 
finite element technique. 
 
2.4 Finite Element Predictions 
The goal of the finite element simulations was to understand how bilayer spherical domes with 
different geometric and structural characteristics transform their shapes in response to an applied 
stimulus (mismatch strain). To this end, I first considered different dome geometries with 











 to investigate solely the effects of geometry on dome morphing and associated 
energetics (results are reported in section 3.1.1 to 3.1.3). Then, I chose one particular dome 










 separately to identify the roles played by  
material moduli and individual layer thickness values on dome morphing (results are reported in 
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not be conserved at all times (A specific example will be the experiments, where I relied on the 
variation in PDMS cross-linking density to obtain differential swelling within the bilayer domes. 





 becomes less than 
unity). However, the above-mentioned scheme allowed us to investigate the stimuli-responsive 
dome morphing phenomenon in a systematic manner where the structural aspects (material 
modulus and individual layer thickness) are separated from the geometric ones (sphere radius 
and arc length). Thus, I was able to develop a comprehensive understanding of the dome 
morphing behavior without sacrificing any crucial aspect within the parameter space. 
  
Dome shape transformation: To investigate the dome shape transformation with applied 
stimulus (mismatch strain) and corresponding strain energy scenario, I considered an array of 
different geometries with varying r  and  . In general, I observed that the domes invert, 
bifurcate and then morph into cylinders as the mismatch strain between the bilayer increases. 







. As shown, initially the strain energy of the dome increases with increasing 
mismatch strain and during this period, the dome does not deform that much and maintains 
axisymmetric configuration ((i) and (ii) in Figure 2.4(b)). At a critical value of the mismatch 
strain (black dot in Figure 2.4(a)), the structure encounters snap-through instability and rapidly 
transitions to its inverted configuration. Snap-through is a limit point instability where for 
sustaining additional loads (mismatch strain) beyond a critical point, the structure needs to 
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release a portion of its stored strain energy by undergoing large deformation. The nature of the 
snap-through phenomena can be characterized by the energy drop shown in Figure 2.4(a). The 
local minima of strain energy at inverted configuration indicates the existence of a secondary 
stable equilibrium state (in addition to the initial configuration which is the primary stable 
equilibrium state) and hence the dome demonstrates bi-stability. After snap-through, the dome 
maintains its inverted configuration with applied mismatch strain to some extent as it continues 
to deform in an axisymmetric manner ((iii) to (v) in Figure 2.4(b)). Then, at another critical point 
(red dot in Figure 2.4(a)), the dome transitions from the axisymmetric spherical mode to an 
asymmetric cylindrical bending type of deformation mode. This is bifurcation buckling and 
happens as the structure prefers a new equilibrium path over the previous one based on energy 
considerations. After bifurcation, the dome continues to undergo bending and eventually 
assumes a cylindrical shape with increasing mismatch strain values ((vi) to (viii) in Figure 
2.4(b)). 
 
Although Figure 2.4 demonstrates the necessary deformation mechanisms experienced by the 
bilayer dome, the extent of each of them, their onset and corresponding energetics depend 
strongly on the dome geometry. To illustrate this point, here I discuss the scenario where the 
domes have a similar curvature ( 
t
r
 50) but different arc length (
t
r
 values of 30  and 100 ). 
As shown in Figure 2.5, the dome with a lower arc length does not experience snap-through as it 
passes through a shape of zero curvature (flat configuration) and then inverts. Bifurcation 
buckling happens at a critical point and eventually the dome assumes a cylindrical shape. As no 
localized energy minima is encountered during shape transformation, there is only one stable 
configuration for this particular dome. The dome with a higher arc length value demonstrates 
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very different behavior as shown in Figure 2.6. It remains largely unchanged while maintaining 
an axisymmetric configuration up to a very high value of mismatch strain ((i) to (iii) in Figure 
2.6(b)). Once the critical strain for snap-through is encountered, the dome immediately ceases its 
axisymmetric behavior and demonstrates asymmetric deformation prior to reaching the energy 
minima associated with its snap-through. The energy well is considerably bigger and hence, the 
snap-through behavior is more vigorous than the one shown in Figure 2.4. Due to the nature of 
snapping, the critical points for snap-through and bifurcation buckling for this particular dome 
merges into one (snap-through onset) and the dome assumes a cylindrical configuration to 
restore equilibrium immediately after encountering the snap-through instability ((iv) to (vii) in 
Figure 2.6(b)). Subsequent portions of this section investigate the effects of dome geometry and 
extent of the applied stimulus (mismatch strain) on shape transformation in more detail. 
Throughout the remaining sections of this chapter, I use the term inverted to identify dome 
shapes beyond snap-through but prior to bifurcation buckling, bifurcated to refer to shapes 
beyond bifurcation but prior to one full revolution of the dome edges, and cylindrical to denote 
shapes beyond the point where the dome edges meet each other to morph into a full cylinder.    
 
Energy well size: I first investigated the extent of snap-through for different geometries by 
looking at their energy well sizes. I normalized the energy well by GV ( G is the average shear 
modulus and V is the volume) of the bilayer dome. As shown in Figure 2.7(a), irrespective of the 
non-dimensional dome radius 
t
r
, bilayer domes with lower values of non-dimensional arc length 
t
r
 do not have an energy well. This means domes having these geometric configurations do not 
undergo snap-through and with increasing mismatch strain, these domes smoothly transform 
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) have bigger energy wells and hence snap more vigorously than their 
smaller and/ or weakly curved counterparts.  
 
The trend observed in Figure 2.7 (a) could be described by a model that treated spherical dome 
shaped structures as weakly curved thin elastic shells[6]. Due to the doubly curved nature of this 
class of structures, stretching and bending modes of deformations are coupled[24]. The model 
quantified this coupling by considering the ratio of the energies associated with the two modes 




   ( L  is shell size,   
is original curvature, and h  is shell thickness). It has been found that, when   lies below a 
critical value, there is no energy barrier for stretching the shell mid-surface and the domes can 
undergo inversion by continuous bending without snap-through instability. As   increases, 
mid-surface stretching becomes increasingly difficult and at a critical value, the dome cannot 
deform much due to the large energetic costs associated with its stretching. Eventually, snap-
through instability occurs and the dome rapidly transitions to its inverted configuration by 
releasing a portion of its stored strain energy. Further increasing   beyond the critical value, the 
domes release more energy, resulting in more vigorous snap-through behavior. In this work, 
where L ,  , and h  are analogous to r , 
r
1
, and t , I observed that dome snap-through only 
happens beyond   ~ 25 (Figure 2.7(b)), irrespective of the dome radii. I also found that 
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increasing values of   increase the energy barrier size and thus the results conformed to the 
model of dome snap-through behavior reported in the literature[6].  
 
Mismatch strain requirements: The finite element model enabled us to investigate how the 
mismatch strain requirement changes for snap-through, bifurcation buckling, and cylindrical 
transformation as the bilayer dome geometry varies. I chose two values of 
t
r
 and examined the 
shape transformation of bilayer domes for a full range of sizes (very small to very big values of 
t
r
). I focused on dome geometries that demonstrated the snap-through behavior.  
 
As shown in Figure 2.8, strongly curved and/or bigger domes require higher values of mismatch 
strain for shape transformation than weakly curved and/ or smaller ones. Based on the 
relationships between different mismatch strain values and dome sizes observed in Figure 2.8, I 
can identify three groups for each value of 
t
r




 and hence lower  ) that demonstrate three different strain values for snap-through, 
bifurcation buckling, and transforming into cylinders. Group 2 consists of domes of intermediate 
sizes (intermediate values of 
t
r
) having two distinct mismatch strain values. The inversion and 
subsequent bifurcation of these domes happen at a single point since the mismatch strain 
required for snap-through and bifurcation buckling are merged with each other. These domes 
transform into  cylinders at higher values of the mismatch strain. Very big domes that constitute 
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group 3 (higher values of 
t
r
 and hence higher  ) have only one mismatch strain value. The 
onset of snap-through for these domes are sufficient for their bifurcation buckling and 
transformation into full cylinders. For a given value of 
t
r
, the snap-through mismatch strain 
increases in a linear manner as the dome size increases. Before merging with snap-through, the 
mismatch strain required for bifurcation buckling remains unchanged and the strain required for 
forming cylinders decreases as the dome size increases for a given value of 
t
r
.    
 
Dependence of snap-through mismatch strain on geometry and merging of multiple mismatch 
strain values could be explained by the size of the energy barrier and nature of snap-through 
experienced by domes of varying geometry. For a given value of 
t
r
, group 3 domes have energy 
drops that are bigger than their counterparts with lower values of  . This means these domes 
can accommodate a high value of mismatch strain and store energy without undergoing much 
deformation. As soon as the critical mismatch strain for snap-through is reached, these domes 
release a significant amount of stored strain energy owing to their vigorous snap-through 
behavior and assume cylindrical configurations to restore equilibrium after the instability. This is 
the reason why these domes require only the snap-through mismatch strain, which is higher than 
those for group 1 and 2 domes, for transforming their shapes into cylinders. Group 1 domes on 
the other hand, need to overcome a lower energy barrier (due to lower  ) for their inversion. 
Hence, they demonstrate a snap-through behavior that is relatively moderate in nature and they 
remain in an inverted configuration immediately after snap-through. These domes require three 
different values of mismatch strain as they bifurcate and transform into cylindrical shapes at 
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higher values of the mismatch strain. Group 2 domes have energy barriers that lie in between 
those of groups 1 and 3. Snap-through and bifurcation buckling happen at a single critical point 
for these domes and they assume cylindrical shapes at higher values of the mismatch strain. 
Shape transformation of group 2/ 3 domes are analogous to that of bigger and strongly curved 
Venus flytrap leaves as they release more energy and snap rapidly than their smaller and weakly 
curved counterparts[6]. However, the post buckling geometry of the flytrap leaves are just 
inverted, not bifurcated/ cylindrical as seen in group 2/ 3 domes. This difference arises from the 
flytrap leaf geometry where the two leaf lobes have hair-like protrusions around their edges. 
These protrusions mesh together immediately after leaf closure to prevent escape of the captured 
prey. The interlocking of the leaf lobes enable the flytrap to avoid bifurcation/ cylindrical 
transformation beyond their inversion. 
 
Thickness and modulus ratio effects: Bending resistances of constituent layers in a bilayer 
system have been reported to affect the mismatch strain-transformed configuration 
relationships[25]. Hence, to complete the computational model of stimuli-responsive bilayer dome 
shape transformation, I investigated the effects of variations in shear modulus and thickness 
















. As shown in Figure 2.9, this particular dome 
demonstrated the existence of two critical points for snap-through and bifurcation buckling when 
the modulus and thickness ratios are 1. Hence this dome allowed us to separately investigate the 














As shown in Figure 2.9, the mismatch strain required for both snap-through and bifurcation 










 values are both unity. Increasing/ decreasing the 
ratios increased the mismatch strains required for the onset of different deformation modes. 
Dome inversion and subsequent shape transformation occur due to bending moment originating 
from differential expansion of the individual layers and hence bending resistances of individual 






D , where E ,  , and h  are Young’s modulus, Poisson’s ratio, and dome thickness 
respectively[14]. In context to the work, shear modulus is directly proportional to the Young’s 










, inherent bending 
resistances of individual layers are similar to each other and shape transformation requires 
mismatch strain values that are high enough to overcome the energy barrier arising primarily due 










 deviates from unity as the dome 










are less than unity, the passive layer possesses higher bending stiffness than its active 
counterpart. The higher bending stiffness of the passive layer restricts the differential expansion 
of the active layer at a given mismatch strain which eventually increases the mismatch strain 













are greater than unity, bending resistance of the active layer itself is higher. 
Elevated mismatch strains are required to overcome the high bending stiffness of the active layer 
and cause dome shape transformation. Although the results in Figure 2.9 are obtained for a 











 of a bilayer modifies the individual bending resistance values in 
general.  
 
2.5 Experimental Observations 
I showed bilayer dome images of four different initial geometries at different instances of their 













. Sample 3 has a similar curvature as of Sample 1 






). Sample 4 has a similar curvature as of Sample 






). As shown in Figure 2.10, strongly curved 
and/ or bigger domes require higher values of mismatch strain for their shape transformation. For 
example, Sample 4 and 2 have similar curvatures ( 4.459
t
r
) but are of different sizes. Hence 
from the proposed finite element model, I expect Sample 4 to undergo shape transformation at 
lower values of mismatch strain than that for Sample 2. Experimentally I observed that Sample 4 
assumes inverted, bifurcated, and cylindrical configurations at mismatch strains of 0.110, 0.169 
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and 0.285. While Sample 2 transforms into a cylindrical configuration from an uninverted one at 
a mismatch strain of 0.204. In the proposed model, after bifurcation, the domes continued to 
increase their curvature and eventually assumed full cylindrical shapes with increasing mismatch 
strain values. Experimentally, all the samples confirmed this finding as they kept increasing their 
curvature with increasing mismatch strain after bifurcation. All the samples except Sample 1, 
exhibited asymmetric deformation prior to snap-through as portions of them experienced local 
bending. The transition from symmetric to asymmetric deformation prior to snap-through has 
been observed experimentally and the asymmetric mode is known to be energetically favorable 
than its symmetric counterpart whenever it exists[9,26].   
 
I carried out additional experiments to validate the trends predicted by the finite element model. 
The results of those experiments are shown in Figure 2.11. In contrast to Figure 2.8 that shows 
the required mismatch strain values for snap-through, bifurcation buckling, and subsequent 
transformation into a cylinder, Figure 2.11 shows the state of a particular bilayer dome at an 
applied value of the mismatch strain. Through the experimental setup, it is difficult to determine 
the exact value of mismatch strain required for the initiation of a particular deformation mode of 
the bilayer dome. This difficulty arises from the fact that, during experiments, I increased the 
mismatch strains by discontinuous, finite increments. Within a given step of mismatch strain 
increment, I allowed the domes to reach its equilibrium configuration before proceeding to apply 
the next step of mismatch strain increment. This protocol is different from the finite element 
calculations where the mismatch strain is applied in a continuous manner. During experiments, I 
kept the mismatch strain step size as small as possible for capturing all the possible deformation 
modes. Each data point in Figure 2.11 represents the experimental results of three samples 
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having similar geometric parameters. The error bars along the horizontal direction stem from 
thickness variations (measured at the mid-section) in a particular group of three samples with 
similar geometric parameters. The error bars along the vertical direction represent the mismatch 
strain variations in reaching a particular shape with all the three samples. The experimental 
results show similar trends predicted by the finite element model as bigger and strongly curved 
domes required higher values of mismatch strains for shape transformation than their smaller and 
weakly curved counterparts. Moreover, in line with the finite element predictions, I was able to 
observe that for a given value of the dome curvature, smaller, intermediate and bigger domes 
require three, two, and one distinct values of mismatch strain to transform from unchanged to 
inverted, bifurcated, and cylindrical configurations. In general, mismatch strains required for 
snap-through and bifurcation buckling showed reasonable variations than that observed for 
cylindrical transformations.  
 
2.6 Discussion and Conclusion 
The goal of the finite element analysis was to develop mechanistic insights of shape morphing of 
stimuli-responsive bilayer domes by studying their initial geometry, applied mismatch strain, 
energetics, and transformed configurations. To achieve the objective, I replaced the concept of 
stimuli-responsive differential swelling of the bilayer by a simple thermal expansion mismatch 
driven shape transformation in the model. Also, I treated the bilayer constituents as isotropic 
incompressible nonlinear thermo-elastic solids ignoring any thermo-mechanical coupling while 
focusing on geometric nonlinearities (large deformation behavior) and mechanical instabilities. I 
hypothesized that, even if some of the assumptions underlying the model cannot exactly be 
satisfied during experiments, the results should nevertheless demonstrate similar trends with 
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some deviations. The dome morphing experiments relied on the differential swelling of PDMS in 
organic solvents arising from the variations in cross-linking density within the bilayer. Diffusion 
of solvent molecules into the PDMS cross-linked network results in polymeric gels that are 
capable of changing both shape and volume through establishing a thermodynamic coupling 
between solvent molecule transport and large deformation of the network[27]. This complex 
behavior has been described by a nonlinear field theory and implemented within the framework 
of finite element by Hong. et al[28]. Their model considered the polymeric gel to be a 
compressible hyperelastic solid whose free-energy density function depends on both the 
polymeric network parameters (such as free swelling stretch, small strain shear modulus at dry 
state, deformation gradient, and polymeric chain density) and solvent properties (such as volume 
per molecule, mixing enthalpy with the polymeric chains, and chemical potential). The model 
requires a number of experimentally determined entities and thus captures the essential aspects 
of the PDMS swelling phenomenon in organic solvents. The finite element model, as mentioned 
above, is a rather simplified one where I primarily focused on the geometric aspects of the 
stimuli-responsive dome morphing problem and ignored the complex interactions between the 
solvent and the cross-linked PDMS network. The simplified approach enabled us to develop a 
general understanding of the problem at hand without incurring excessive computational costs. 
The discrepancy between the modeling and experimental approaches proved to be a minor one as 
the experimental results demonstrated the necessary trends and confirmed the presence of three 
distinct groups of morphing behavior predicted by the finite element model.  
 
The results demonstrated that irrespective of the geometry, the bilayer domes undergo a 
transition in deformation mode as they start cylindrical bending from their spherical 
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configuration (uninverted/ inverted) at a critical value of the mismatch strain. This is a 
bifurcation buckling phenomenon where multiple equilibrium paths intersect at a critical point on 
the load deflection response diagram[29]. Being an elastic instability, bifurcation buckling differs 
from snap-through as the equilibrium paths have the same value of energy at the bifurcation 
point. Bifurcation buckling has been observed in mismatch strain induced deformation of 
circular[30,31], triangular[32], and rectangular planar bilayers[33] where at higher mismatch strains, 
the structures bifurcate from an axisymmetric deformation mode to an asymmetric one. Using a 
combination of analytical techniques and finite element simulations, Freund[30] showed that at 
low mismatch strains planar circular bilayers assume an axisymmetric spherical shape by 
undergoing a combination of bending and stretching. With increasing mismatch strain, 
simultaneous bending and stretching becomes increasingly difficult due to nonlinear geometric 
effects and eventually at a critical mismatch strain, the system bifurcates into a cylindrical 
bending type of deformation mode with minimal mid-plane stretching. In the context of the work 
on mismatch strain driven bilayer dome shape transformation, bifurcation from a spherical shape 
happens in an effort to minimize the dome mid-plane stretching. Domes belonging to group 1 
can undergo snap-through and maintain their inverted configuration without significant 
stretching. After snap-through, these domes experience additional stretching with increasing 
mismatch strain and eventually bifurcation happens at a critical point distant from the one 
responsible for their snap-through. Domes belonging to group 2 and 3, on the other hand, can 
undergo a higher amount of mid-plane stretching prior to their inversion compared to group 1 
domes. The considerable stretching in group 2 and 3 domes causes them to have a single critical 
point as they bifurcate while undergoing snap-through and assume bifurcated/ cylindrical 
configurations immediately after encountering the critical mismatch strain. The merging of 
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critical strains for group 2 and 3 domes can also be explained by their energetics during 
deformation. Due to the large energy release during their vigorous snap-through, both the 
bifurcated and the cylindrical configurations of groups 2 and 3 domes become energetically 
favorable. This is in contrast to the bifurcation behavior of group 1 domes, where a smooth 
change in strain energy near the bifurcation point causes the domes to undergo a gradual 
transition between axisymmetric and asymmetric modes. Beyond snap-through but before 
bifurcation, group 1 domes experience a combination of bending and stretching in order to 
maintain their axisymmetric spherical shapes. These domes experience only bending during their 
asymmetric deformation beyond the bifurcation point. For planar bilayer structures, a recent 
work identified the smooth transition between the two modes by equating their strain energy 
expressions (consisting of a bending-stretching combination and only bending) to each other and 
thus determined the natural curvature at the bifurcation point[34]. In accordance with other works 
investigating the problem of bifurcation through finite element techniques[30,35,36], I relied on 
principal curvature vs mismatch strain plots to identify the critical mismatch strain for 
bifurcation buckling of group 1 domes.  
The experimental results shown in Figure 2.11 demonstrate variations in mismatch strain values 
required for bilayer dome shape transformation. These variations occur due to the differences in 
dome structural characteristics arising from thickness variations and defects. In addition to mid-
section thickness variations between samples of similar geometric parameters (the reason behind 
the horizontal error bars in Figure 2.11), the domes varied in thickness and thickness ratios of 
individual layers at locations distant from the mid-section. The domes also demonstrated defects 
on the surface and along the thickness direction. The adopted dome fabrication scheme is 
responsible for the above mentioned structural anomalies. During fabrication, I poured liquid 
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PDMS – pigment mixture over the steel balls. Being highly viscous and heterogeneous in nature, 
the mixture flowed over the curved balls with an irregular flow pattern and often created 
agglomerates of pigment particles, eventually causing differences in dome structural 
characteristics. Localized variations in thickness, thickness ratios, and presence of defects create 
stiffness variations throughout the bilayer dome and thus alter the required mismatch strain for 
assuming a particular shape with a given dome geometry. I acknowledge that a more 
sophisticated fabrication/ experimentation scheme could have reduced the variations in 
experimental results.  
 
In conclusion, through a combination of finite element analysis and experimentation, I 
investigated the shape transformation behavior of elastic bilayer domes programmed with 
mismatch strain. The computational model predicted that, after undergoing inversion by snap-
through, the domes start cylindrical bending at higher values of mismatch strain as they 
encounter a bifurcation buckling. The model also revealed how the snap-through energy barrier 
and mismatch strain requirement scenario for dome snap-through, bifurcation buckling, and 
subsequent morphing into a cylinder depend on the dome geometric and structural 
characteristics. The experiments demonstrated that the domes indeed undergo a bifurcation 
buckling after snap-through with increasing mismatch strain, and also qualitatively confirmed the 
finite element predictions on dome geometry-mismatch strain-transformed configuration 
relationships. The results established that stimuli-responsive morphing of domes can be 
programmed through its geometry, structural properties, and applied stimulus (mismatch strain). 
Since the computational framework used elasticity theory which is scale-free, the proposed 
principles can be used to design sensors, soft robotic actuators, drug delivery vehicles, optical 
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devices, microfluidic systems, smart surfaces, lab-on-a-chip components, and artificial muscles 
across multiple length scales that are responsive to stimuli as diverse as temperature, pH, 
























Passive outer layer 
2.7 Figures 
                                               



































Figure 2.1: Bilayer spherical dome in original (a) and inverted (b) configurations. The active 
green layer expands in response to the applied stimulus (mismatch strain) with respect to the red 
passive layer. This behavioral mismatch eventually causes the dome to invert. (c) Cross-sectional 
schematic of the bilayer dome. The radius of the outer sphere r , bilayer thickness t , and 





White outer layer 







                                                  
                                                   (a)                                                                                   
                                                                                                                                         (b)   
 
Figure 2.2: Fabricated bilayer domes for shape-transforming experiments. (a) shows domes of 
different sizes in original (white layer visible) and inverted configurations (green layer visible). 
(b) shows a cross-sectional image of the bilayer dome with green inner layer (darker shade) and 
white outer layer (lighter shade). The interface between the two layers is shown by a red line. 
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Figure 2.3: Swelling ratios of lightly (green) and heavily (red) cross-linked PDMS with 
increasing volume portion of Xylene in the 1-Propanol/ Xylene mixture. The fitted polynomials 
(up to 75% Xylene, after that the swelling ratios reach a plateau) are used to calculate the 





















































Figure 2.4: Out-of-plane displacement contours 
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. The black dot denotes snap-through and the red dot denotes 
bifurcation buckling. (b) Displacement contours (blue means low and red means high) plotted on 
the original (top view) and deformed (side view) dome geometries at different mismatch strain 
levels. Snap-through, Bifurcation buckling and morphing into a full cylinder occur at mismatch 












There is no snap-through for this particular geometry and the red dot denotes bifurcation 
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All three deformation modes: snap-through, bifurcation buckling and subsequent morphing into a 
cylinder initiate at the black dot for this particular geometry. (b) Displacement contours (blue 
means low and red means high) plotted on the original (top view) and deformed (side view) 
dome geometries at different mismatch strain levels. Snap-through, Bifurcation buckling and 

























Figure 2.7: energy well scenario. 
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 are also attached to show their shapes. (b) shows the 























Figure 2.8: Relationship between initial dome geometry and mismatch strains required for their 
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. The ratios are obtained by dividing the active layer value (green) by 









































Figure 2.10: Evolution of shapes with increasing mismatch strain for domes with varying 
geometries. The domes are arranged from left to right as Sample 1, 3, 4 and 2 (as referred in the 
text). The shapes are labelled with O (Original), I (Inverted), B (Bifurcated), and C (Cylindrical) 





Figure 2.11: Relationships between transformed shape and applied mismatch strain for different 
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Mismatch Strain Programmed Shape Transformation of Curved 
Bilayer-Flexible Support Assembly 
The material in this chapter has been published in Extreme Mechanics Letters, 2016, 7, 34–41 
 
3.1 Introduction 
Plants, despite lacking muscle cells, are capable of shape transformation in response to a diverse 
set of environmental stimuli for their growth, nutrition, reproduction, acclimatization and defense 
across multiple time and length scales. Specific examples include helical coiling of cucumber 
tendrils (Cucumis sativus) attached to a support [1], fast closing of swollen bladderwort 
(Utricularia inflate) traps [2], propelling motion of wild wheat (Triticum turgidum) awns into the 
ground [3], folding of Easter lily (Lilium longiflorum) pollen wall [4] and periodic closing-opening 
of shy plant (Mimosa pudica) leaves [5]. One particular design principle through which plants 
achieve stimuli responsive organ actuation is the utilization of bilayer structures consisting of 
composites [6]. These composites are reinforced along different directions and hence demonstrate 
different swelling-shrinking behavior during the inflow and outflow of water. These differences 
introduce mismatch strains that cause the bilayer to deform in the presence/ absence of water. 
This basic idea of mismatch strain driven shape formation has been exploited to demonstrate 
stimuli responsive, programmable complex shape transformation behavior with geometries as 
diverse as cubes, pyramids, flowers, stars, helices, tubes and origami patterns [7–14]. Materials 
responsive to a variety of external stimuli play central roles in translating biomimetic design 
principles into functional shape transforming structures. Research has been done on metals, 
semiconductors and polymers such as Cr, SiOx, SiGe, SiNx, PDMS, Epoxy, Polystyrene, 
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PNIPAM gel and liquid crystalline polymer networks [9,12,14–16] for realizing mismatch strain 
driven shape formation. 
 
One specific structure of interest for stimuli responsive shape transformation would be curved 
beams attached to flexible supports. This class of structures has recently been fabricated [17,18] 
from lithographically patterned planar precursors. Here, buckling, which is an elastic instability, 
enables the formation of functional complex three-dimensional architectures. Since elasticity 
equations are independent of geometry and materials, it is possible, as demonstrated by the 
authors, to tune the spatial configurations and constituent material properties of the fabricated 
structures. Due to the unique, scalable nature of the fabrication procedure, shapes that are 
otherwise difficult to achieve can be realized and applied to different material systems.  As such, 
these concepts are well poised for applications in 3D devices across diverse technological 
disciplines. In this work, I computationally investigated the stimuli responsive shape 
transformation behavior of these structures. A particular design referred to previously as a triple-
floor building [17] has been adopted as the starting point of this work. As shown in Figure 3.1(a), 
this structure consists of a curved beam at the highest level and its ends are attached to multilevel 
wavy ribbons that essentially work as elastic flexible supports. I envisioned a scenario where the 
curved beam is a bilayer capable of inversion in response to external stimuli (a detailed step by 
step fabrication scheme is discussed in the Supplementary Material). This transformation can be 
accomplished through appropriate selection of materials for the bilayer- support assembly so that 
the bottom layer expands with respect to the top layer and supporting structure when exposed to 
a suitable stimulus. This programmed response to external stimuli in the form of mismatch strain 
may eventually invert the curved bilayer and result in overall deformation of the assembly as 
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shown in Figure 3.1(b). For this investigation, I considered a simple two-dimensional model 
(shown in Figure 3.1(c)) that is an idealization of the structure shown in Figure 3.1(a). As the 
assembly responds to applied stimuli, different structural aspects affect its shape transformation 
behavior. Moreover, the expansion of the bottom layer imparts compressive strain on it due to 
the presence of the top layer and the supporting structures. This action might incite mechanical 
instabilities that can alter the assembly response by inducing additional deformation 
mechanisms. The objectives were to determine how different structural parameters of the model 
affect the assembly response and define possible curved bilayer deformation mechanisms for a 
given mismatch strain. The design principles proposed by this work will contribute to the rapidly 
evolving field of stimuli responsive structures that have wide applications in fields as diverse as 
sensors, optics, microfluidics, soft robotics, microfabrication, smart surfaces, artificial muscles, 
energy harvesting, biomedical devices and origami inspired designs [19–21]. 
 
3.2 Methods 
I considered a simplified two-dimensional version of the image shown in Figure 3.1 (a). The 
model included a single curved beam attached to elastic supports at their ends. As shown in 
Figure 3.1(c), the curved beam consists of two layers, a top layer of thickness ttop (colored in 
blue) that is insensitive to the applied stimuli and a bottom layer of thickness tbottom (colored in 
orange) that expands in response to the stimuli and eventually causes the bilayer to invert.  
 
In Figure 3.1(a), the single layer curved beams were obtained from the buckling of an 
undeformed rectangular two-dimensional structure. This single layer corresponds to the top layer 
of the model shown in Figure 3.1(c). The stimuli responsive bottom layer, which is required for 
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beam inversion and an integral part of the model, could be deposited below the top layer either 
before or after the buckling procedure. For the curved shape, I considered a buckling scenario 
where both ends of the rectangular block were simply supported. The transverse displacement 
w(X) along the length of the beam for the first buckling mode under simply supported boundary 












sin)(         ;      LX 0                                              (1) 
Where, X  is measured along the length of the beam, L  is the length of the undeformed beam 
and A  is a constant whose value is not uniquely defined. Higher values of A would represent 
more strongly curved buckled configuration and vice versa. I denote the length of the curved 
bilayer beam as
bilayerL .  
 
The model also includes two cantilever beams attached to the ends of the curved bilayer. These 
cantilevers are idealization of the movable support structures in Figure 3.1(a), that can bend 
during bilayer inversion. During the stimuli responsive swelling of the bottom layer, a moment 
bilayerM causes the bilayer to invert. Since the bilayer is attached to the cantilevers at its end, 
bilayerM  is balanced by an equal and opposite moment cantileverM  at the ends. cantileverM  can be 







M                                      (2) 
Where, cantileverE  is the Young’s modulus, cantileverI  is the area moment of inertia, cantileverL  is the 
length and cantilever  is the angular deformation of the cantilever beam due to the action of 





 is often collectively referred as the cantilever beam bending 
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stiffness, cantileverK  and can be changed by modifying any of the three parameters involved. 






for a weakly curved beam [23]. I calculated bilayerEI )(  through the transformed section method 
[24] 
and used bilayerK  to non-dimensionalise the values of supporting cantilever bending stiffness 





)  and strain energy of the curved bilayer-
flexible support assembly. Non-dimensional parameters incorporating inherent bending stiffness 
values of the individual beam components has been reported in the literature [25] as it serves to 
determine the boundary of different deformation mechanisms. On the other hand, bilayerK  is a 
natural candidate to non-dimensionalise the bending dominated strain energy of any given beam 









is the beam bending stiffness and M is the 
moment that acts on the beam) [26]. A detailed list of all the parameters and how they combine to 
form different dimensionless groups are shown below: 
 
Young’s modulus of the supporting cantilever structure = cantileverE  
Length of the supporting cantilever structure = cantileverL  
Thickness of the supporting cantilever structure = cantilevert  
Width of the supporting cantilever structure = cantileverw  












Young’s modulus of the transformed bilayer structure = bilayerE  
Length of the bilayer structure = bilayerL  
Thickness of the bilayer structure = topbottom tt   
Area moment of inertia of the transformed bilayer structure = bilayerrI  






Curvature parameter of the bilayer structure = A  
Strain energy of the curved bilayer-flexible support assembly = W  
Applied mismatch strain to the curved bilayer-flexible support assembly =   





















I used the commercially available finite element package Abaqus/Standard [27] to numerically 
investigate the bilayer inversion scenario under different circumstances. I used 8-node 
biquadratic plane strain quadrilateral elements with reduced integration and did a mesh 
refinement study to determine the optimum mesh size. I investigated the stimuli responsive shape 
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transformation of the bilayer-support assembly through swelling of the bottom layer by studying 
an equivalent thermal expansion problem. Specifically, I assigned a hypothetical value of 
thermal expansion coefficient to the bottom layer while keeping the remaining part of the model 
insensitive to temperature changes. This procedure has been reported in the literature for 
simulating volumetric expansion of crystalline Silicon during lithiation [28–30] and pH dependent 
swelling-shrinking behavior of hydrogel [31]. I applied mismatch strains in small increments by 
increasing the temperature of the whole structure to investigate the shape transformation in a 
quasi-static scenario. Due to symmetry of the model shown in Figure 3.1(c), I simulated half of 
the model to reduce computational cost. For modeling the interaction between the constituent 
layers of the curved bilayer and that between the supporting cantilever beam and the bilayer, I 
used tie constraint for merging surfaces at the respective interfaces. The finite element model 
also included contact between the surfaces Sbottom and Scantilever to accurately capture their 
interaction during the swelling of the stimuli responsive bottom layer. I used the hard contact 
pressure-overclosure relationship with finite sliding and node to surface discretization method to 
minimize the penetration of Sbottom into Scantilever. To include the nonlinear effects of large 
displacements, I activated the nonlinear geometry option and used Newton’s method for solving 
the equilibrium equations in the simulations. To account for the instabilities arising due to large 
displacements, I used an adaptive automatic stabilization scheme that employs spatially varying 
damping factors throughout the structure to eliminate rigid body modes without affecting the 
solution.     
  
In the simulations, I used linear elastic constitutive relationship for the support cantilever beam 
and the curved bilayer materials. Single layer curved beams with necessary supporting structures 
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have been fabricated from a wide range of linear elastic materials such as SiO2 
[32], Ni, Au, 
Polyimide and SU8 [17] and Si [33]. I chose SU8, a photodefinable epoxy, to be the top layer and 
used an elastic modulus of 8SUE  = 4.02 GPa and Poisson’s ratio of 8SU  = 0.22 
[17] for this 
material. As discussed earlier, the supporting cantilever beam possesses bending stiffness and 
hence resists the inversion of the curved bilayer beam. In the analysis, I systematically changed 
the elastic modulus of the cantilever beam cantileverE  to investigate the effects of varying bending 
stiffness on bilayer inversion and used a constant value of the Poisson’s ratio cantilever 0.3. The 
envisioned design of the bilayer curved beam requires a stimuli responsive material 
demonstrating swelling as the bottom layer. I used PDMS (polydimethylsiloxane) as the stimuli 
responsive material to simulate shape transformation of the curved bilayer-support assembly and 
used an elastic modulus of PDMSE = 3 MPa and Poisson’s ratio of PDMS = 0.49 for PDMS 
[34]. It is 
worth mentioning at this point that, specific values of the material properties are only used for 
carrying out the finite element simulations. The basic governing equations of elasticity and the 
principle of virtual work that underlie the formulation of the finite element method are 
independent of material properties and structural geometric configurations. Hence, the trends 






, 8SU  and PDMS  remain the same.  
 
3.3 Results 
To understand how the thickness ratio of the bilayer for a given geometry affects the mismatch 
strain required for its curvature inversion, I considered several cases where the top layer 
thickness, topt  was kept constant and the bottom layer thickness, bottomt  was varied. As shown in 
68 
 
Figure 3.2, the mismatch strain required to invert a curved bilayer depends strongly on the 
thickness ratio of the bilayer and the bending stiffness of the supporting cantilever beam. For a 
given value of the cantilever bending stiffness cantileverK , there exists a particular thickness ratio 
at which the mismatch strain required for inverting a curved bilayer is minimum. This is due to 
the competition between the bending moment exerted by the curved bilayer, 
bilayerM  and the 
inherent bending resistance of the curved bilayer

































tK  where   is the applied mismatch strain. 
When 0~bottomt , bilayerM   is very low at low mismatch strain values and bilayerK dominates the 
assembly behavior as the top layer possesses some bending stiffness. High values of   are 
needed to make 
bilayerM  high enough to invert the curved bilayer. In the other limiting case, 
when ~bottomt , both the top and bottom layer contributes to the bending resistance bilayerK  and 
it becomes very high. To overcome this high 
bilayerK , bilayerM needs to be high which can only be 





. In between the two extremes, there 
exists an intermediate thickness ratio where both the
bilayerK  and the bilayerM  are balanced in a 
manner such that the bilayer inversion is possible at a relatively low value of mismatch strain, 
 . As the supporting cantilever bending stiffness cantileverK  becomes higher, the bilayerM  needed 
to overcome the resistance to inversion is also higher, requiring a higher value of  .  
 
To investigate how the supporting cantilever beam bending stiffness affects the curved bilayer 
inversion scenario, I analyzed curved bilayers with a given thickness ratio attached to supporting 
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cantilever beams of varying bending stiffness. For convenience, I varied the cantilever bending 
stiffness by changing its elastic modulus cantileverE , although other parameters such as cantileverI  and 
cantileverL  could also be changed to achieve the same results. Moreover, I used normalizedK  instead 
of 
bilayerK  to remove any dependence of the results on the choice of numerical values for the 
structural parameters. I first investigate the change of deformation modes through studying the 
evolution of strain energy with increasing mismatch strain.  
 
As shown in Figure 3.3, the strain energy stored in the assembly (consisting of the curved bilayer 
and the supporting structure) increases with increasing mismatch strain. The strain energy also 
depends on the normalized stiffness, normalizedK  and hence on the supporting cantilever beam 
bending stiffness, cantileverK . For very low normalizedK  (i.e., very soft support cantilever), strain 
energy increases monotonically with mismatch strain and the bilayer smoothly changes to its 
inverted configuration. On the other hand, for very high normalizedK , the strain energy also 
increases monotonically but the bending moment in curved bilayer cannot overcome the 
cantileverK to assume an inverted configuration. Instead, creases form on the bottom surface Sbottom 
of the bilayer at higher values of the mismatch strain  . At intermediate values of normalizedK , 
the structures experience limit point snap-through as the strain energy drops sharply at a critical 
value of the mismatch strain 
critical  and the assembly rapidly changes its configuration. The 
critical mismatch strain required for snap-through and the corresponding energy drop increase 
with increasing values of normalizedK . These behaviors are later discussed in more detail. Figures 




I also developed deformation mechanism diagrams involving the curved bilayer thickness ratios, 
normalized bending stiffness and deformation modes. I gradually varied the cantilever bending 





 and calculated the 
corresponding drop in strain energy to identify the conditions for gradual flipping, snapping and 





, there exists two critical 
values of the normalized bending stiffness normalizedK , that bound the snapping behavior of the 
assembly. Below the lower bound or above the upper bound of the critical normalizedK  values, no 
energy drop occurs as gradual flipping or creasing takes place with increasing mismatch strains. 
The drop in strain energy (characterizing snapping) occurs at intermediate values of normalizedK . 
Within the snapping window of a given bilayer system, the amount of energy drop increases 
gradually with increasing normalizedK  (Figure 3.7(a)). This can be attributed to higher 
critical requirements for snapping with increasing values of normalizedK . Higher critical  means 
that the structure can store and hence release a higher amount of strain energy as it undergoes the 
snap-through instability. The model reveals that, for bilayer systems with thickness ratio  above 
10, both the peak energy drop and two critical values of normalizedK  are weakly dependent on the 





 is different. 
 
To investigate how the initial curvature of the curved bilayer affects the mismatch strain required 
for its inversion, I considered two curved geometries with 
bilayerL
A
 values of 0.05 and 0.1. I 
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 for a cantileverK  of 0.002µN.µm (Figure 
3.8). Figure 3.8 shows that strongly curved beams require higher mismatch strains for inversion 





. This can be explained by considering that the 
inherent bending resistance of the curved bilayer 
bilayerK  is high for a bilayer with high initial 
curvature . Consequently, 
bilayerM needs to be high to overcome the bending resistance for a 







bilayerM can only be increased by increasing the mismatch strain  .   
 
3.4 Discussion and Conclusion 
In this work, I investigated mismatch strain induced shape transformation of curved bilayer-
flexible support assembly. I reported the effects of parameters such as the bilayer thickness ratio, 
supporting structure bending stiffness and bilayer initial curvature on the bilayer curvature 
inversion and instabilities during shape transformation. I assigned linear elastic constitutive law 
to materials of the curved bilayer-support structure assembly. While this is an accurate 
representation of the behavior demonstrated by the passive top layer and supporting structures 
reported in the literature, stimuli responsive soft materials that constitute the bottom layer of the 
model, such as PDMS [35] and Hydrogel [36], often exhibit hyperelastic behavior. Treating the 
bottom layer as a hyperelastic solid in the finite element framework may be a better 




I observed snap through of the curved bilayer–supporting structure assembly under certain 
geometric conditions and supporting structure bending stiffness values. Snap through behavior 
has been observed both in nature [37] and in engineered structures such as shallow truss [38], 
MEMS beam [39], hemispherical dome [40] and jumping micro devices [41]. Snap through is a 
mechanical instability arising from nonlinear response characteristics of a structure. Often 
described in a parameterized control-state response setup [42], snap through occurs at a limit point 
along the static equilibrium path of a conservative system. At the limit point, the structural 
stiffness becomes zero and the structure undergoes large displacement as it jumps from one 
equilibrium configuration to another through passing an unstable phase [43]. The rapid change in 
structural configuration during snap through is often associated with significant release of stored 
strain energy. As stated earlier, the stabilization scheme used for investigating the bilayer-
cantilever beam assembly employs artificial damping that absorbs the released strain energy and 
eventually stabilizes the system [27]. For confirming the accuracy of the solutions, I compared 
viscous forces with overall forces of the system and found that the former is several order of 
magnitudes smaller and hence has negligible effects. The results demonstrated a limited 
snapping window, meaning that at a critical value of the normalized stiffness normalizedK , the 





 undergoes a transition from gradual flipping to 
snapping. This can physically be understood by considering the energetics of the assembly. 
Below the lower bound of critical normalizedK  , the stiffness of the support cantilever is so low that 
the assembly can undergo gradual change of curvature with increasing mismatch strain  , 
storing the elastic energy only in the bilayer. Increasing the support stiffness cantileverK  (and hence 
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) restricts the assembly’s deformation and hence increases its 
capability to store strain energy at a given  . At the lower bound critical value of normalizedK , 
the strain energy of the assembly reaches a local maximum at a critical mismatch strain 
critical . 
At 
critical , the assembly cannot sustain additional   and needs to release a portion of stored 
strain energy (snap-through) to recover its load carrying capabilities. Snap-through happens more 
vigorously owing to increased energy release as the normalizedK  approaches the upper bound 
critical value.  
 
I found that creases formed on the free surface of the stimuli responsive bottom layer for very 
high values of the normalized stiffness normalizedK . Creasing patterns are evident in a variety of 
natural systems including primate brain, human palm, infant arm and geological strata [44]. 
Creasing is an elastic instability that can occur on the free surfaces of a soft material under 
compressive loading [45]. Beyond a critical value of the applied compressive strain, creasing 
surfaces come into self-contact with each other while forming a sharp tip just below the surface 
[46]. Compared to limit point snap through instability that demonstrates the presence of an energy 
barrier, creasing instability is characterized by the presence of a bifurcation point where two 
equilibrium paths intersect. Consequently, there is no energy barrier as a creased surface and its 
corresponding flat counterpart have the same potential energy at a given applied strain [47]. 
Nonlinear finite element techniques have been used to simulate the initiation and subsequent 
growth of creasing instability on incompressible Neo-Hookean solids under plane strain 
compression [48]. Jin et. al. used carefully designed defects to pinpoint the location of crease 
initiation without affecting the critical strain requirements and enabled self-contact for 
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subsequent folding of the creasing surfaces [49]. As the main objective of this work is to study the 
mismatch strain requirement for the shape transformation of a curved bilayer-supporting beam 
assembly and not to perform a detailed investigation of any particular deformation mode such as 
creasing, I did not carry out an elaborated analysis of crease formation. Instead, I maintained the 
same protocol mentioned earlier for the cases where creasing was observed. As I did not include 
any imperfection on the free surface of the bottom layer (as reported in the literature), generation 
of critical strain and subsequent crease initiation on this surface was arbitrary. But I was able to 
see no drop in strain energy and localization of high strain fields near the location of crease 
initiation, which are indicators of the creasing instability [46]. The model predicts that, 





, creasing first occurs at the upper bound critical value of 
normalizedK .  
 
I considered a scenario where curved bilayers are attached to cantilever beams at their ends in a 
two-dimensional geometric setup. The cantilevers function as elastic supports with tunable 
bending stiffness as they can deform during the stimuli driven inversion of the curved bilayer. 
Inversion of curved beams under mechanical loading has been studied extensively in the 
literature. Curved beam deformation behavior due to bending moment has been modelled using 
analytical [50], finite element [51] and experimental [52] techniques. Owing to their unique 
geometry, these structures often undergo bifurcation buckling and snap-through instability when 
the translational and rotational degrees of freedom are constrained at their ends [53]. As snap-
through behavior is often characterized by the presence of a secondary equilibrium configuration 
and can potentially reduce actuation force requirements, curved beams have also been studied by 
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the MEMS community. Using residual stress in a bilayer arising due to thermal expansion 
mismatch, planar micro-machined beams can be buckled to a curved configuration [32]. 
Researchers have investigated the snap-through and subsequent bi-stability of curved MEMS 
beams under mechanically applied point [33,54] and distributed loading [55–57] conditions. 
Mechanically actuated bi-stable behavior of curved beams with end constraints have been 
utilized in applications as diverse as sensors, actuators, valves, optical/ electrical switches, digital 
micro-mirror devices, mechanical memory and vibration energy harvesting systems across 
multiple length scales [39,55,58]. This work on curved beam-flexible support assembly proposes 
stimuli responsive programmable bilayer response as a potential replacement of mechanical 
actuation and thus complements the existing literature. Moreover, as the analyzed structure 
demonstrates snap-through (which indicates the presence of a secondary equilibrium 
configuration and hence bi-stability) under specific conditions and it is possible to fabricate these 
structures with a number of different material systems [17], existing applications reported in the 
literature can be realized and enhanced through the curved bilayer-flexible support assembly 
described in this work.     
       
In conclusion, I numerically investigated mismatch strain induced inversion of a curved bilayer 
attached to flexible supports. I considered a simple two-dimensional plane strain model that 
captures the essential features of a complex 3D architecture previously reported in the literature. 
My model revealed that the curved bilayer inversion induced by mismatch strain depends 
strongly on the thickness ratio of the constituent layers, the bending stiffness of the supporting 
structure and the initial curvature. I proposed a non-dimensional stiffness incorporating the linear 
bending rigidity expressions of the flexible support and the curved bilayer. The results showed 
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that, the bilayer undergoes gradual flipping, snapping and creasing for very low, intermediate 
and very high values of the proposed non-dimensional supporting structure bending stiffness. 
Snapping and creasing are two distinct types of mechanical instability phenomena where the 
former indicates rapid shape transformation and the later indicates formation of localized folds 
with self-contact. These findings imply that, the stimuli responsive behavior of the curved 
bilayer could be tuned and subsequently optimized to meet specific functional requirements 
through the modification of its structural characteristics. The design principles reported in this 
work may be used to engineer sensors, actuators for traditional and soft robotics, electronic 
device components, metamaterials, energy storage and harvesting devices with on-demand 

















Figure 3.1: (a) 3D curved beam-flexible elastic support assembly as fabricated. (b) Possible 
inverted configuration of the curved bilayer and associated deformation of the assembly. The 
colors represent extent of the deformation (blue represents low and red represents high). (c) 2D 







Figure 3.2: Mismatch Strain vs. Thickness ratio for varying bending stiffness of the supporting 







Figure 3.3: Normalized strain energy vs. Mismatch strain plot for varying normalized stiffness 
values of the supporting cantilever beam. This plot was made with a curved bilayer geometry 
having normalized curvature 
bilayerL
A










Figure 3.4: Shape transformation of a curved bilayer with a cantilever bending stiffness of 









10. As shown, the curved bilayer-support assembly 
changes its shape continuously with increasing values of the mismatch strain.  
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Figure 3.5: Shape transformation of a curved bilayer with a cantilever bending stiffness of 100 
µN.µm. This plot was made with a curved bilayer geometry having 
bilayerL
A






10. As shown, the curved bilayer-support assembly changes its shape continuously 
until a critical mismatch strain is encountered. At the critical mismatch strain, snap through 
occurs as the strain energy drops and sudden shape change takes place. After snap trough, the 













Figure 3.6: Shape transformation of a curved bilayer with a cantilever bending stiffness of 1000 
µN.µm. This plot was made with a curved bilayer geometry having 
bilayerL
A






10. As shown, the curved bilayer-support assembly changes its shape continuously 
until a critical mismatch strain is encountered. At the critical mismatch strain, creases start 
forming at Sbottom and grow in in extent with increasing mismatch strain values as shown in (1), 

















Figure 3.7: Phase diagram connecting curved bilayer thickness ratio, normalized stiffness and 
possible deformation modes. These plots were made with a curved bilayer geometry having a 
normalized curvature of 
bilayerL
A
0.05. (a) shows the effects of thickness ratios and normalized 
stiffness values on the snap-through behavior. (b) shows the effects of thickness ratios on the 














Figure 3.8: Mismatch Strain vs. Thickness ratio for varying initial curvature of the curved 
bilayer. Weakly and strongly curved beams correspond to 
bilayerL
A
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Bifurcation of Self-folded Polygonal Bilayers 
The material in this chapter has been published in Appl. Phys. Lett., 2017, 111, 104101 
      
4.1 Introduction 
From the wrinkling of our skin[1] to the propelling motion of wheat awns into the ground[2], 
biological systems organize themselves for form and function through self-folding across 
multiple length and time scales. Self-folding generally refers to the mechanisms through which a 
structure utilizes the differential behavior of its constituents to generate spontaneous curvature 
changes in response to an external stimulus[3], a well-known example is the bending of a bi-
metallic strip thermostat subjected to temperature changes[4]. The potentials to overcome the 
limitations of traditional planar lithographic techniques and actuate minuscule architectures have 
made self-folding a topic of substantial technological importance. Researchers have utilized the 
self-folding behaviors of thin structures in response to stimuli such as the temperature, pH, 
solvent, enzyme, light, and electric field to develop functional devices for sensing, electronics, 
medicine, energy storage, robotics, and microfluidic applications[3,5,6].  
 
Owing to their thin-shell configurations, the behaviors of self-folding structures are often 
dominated by geometric nonlinearities. Since Stoney’s[7] work to determine the force-curvature 
relationship of the most fundamental class of self-folding structures - a residually stressed bilayer 
system curving under isotropic mismatch strains, efforts have been made to incorporate 
geometric nonlinearities arising from the large displacements of thin bilayers[8–11]. The nonlinear 
analyses revealed bifurcation, a phenomenon where the deformation of a bilayer system 
transitions from one mode to another one at a critical mismatch strain. At low mismatch strains, 
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the bilayers undergo a combination of bending and stretching to achieve quasi-axisymmetric 
configurations with non-zero Gaussian curvatures9. Since stretching is energetically more 
expensive than bending12 for thin sheets, the bilayers bifurcate to an approximately singly curved 
state beyond some critical value of the mismatch strains9. While mismatch strain-driven 
bifurcation of circular[12] or rectangular[13] bilayers has been studied, a detailed investigation 
encompassing other geometries within a comprehensive framework has not been performed, and 
will complement the current understanding of the self-folding behavior. In this chapter, through a 
combination of finite element modelling and experiments, I demonstrated the effects of initial 
shape, structural nonlinearity, and edge layer on the stimulus-responsive shape transformation 
behavior (pre- and post-bifurcation) of bilayers. I also explored a scheme to generate gripper-like 
architectures from tether-less stimulus-responsive actuation of freestanding bilayers.  
 
4.2 Methods 
I considered a family of regular convex polygonal bilayers (one layer expands isotropically in 
response to a stimulus while the other remains passive) that share the same circumscribing circle 
(Fig. 4.1(A)). Starting from a triangle and followed by a square, the polygons approached their 
circumscribing circle with increasing number of edges. I performed finite element modelling of 
the bilayer morphing behavior as this technique has been used to analyze stimulus-responsive 
shape transformation problems involving geometric nonlinearities[14,15]. For experiments, I relied 
on the fact that Polydimethylsiloxane elastomers (PDMS) demonstrate tunable swelling behavior 
(higher cross-link densities resulting in lower swelling and vice versa) in organic solvents[16]. To 
remove the dependence of simulation results on specific physical units and the chosen numeric, I 
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non-dimensionalized the calculated quantities. Details of the modelling, experimentation, and 
non-dimensionalization schemes are described below. 
 
I used the commercial package Abaqus for the finite element analysis. I used composite shell 
sections that allow through-the-thickness variation of material properties and utilized 4-node 
general-purpose shell elements as they permit transverse shear deformations and are suitable for 
large strain analysis. The medial axis meshing algorithm was applied to create quadrilateral 
elements without any directional bias and I performed separate mesh refinement studies to 
determine the optimum mesh size. I fixed the centroidal nodes of the structures to closely 
replicate the shape transformation behavior of the freestanding bilayers while restricting their 
rigid body movements. Within the finite element scheme, I modeled the stimuli-responsive 
bilayer morphing as a thermal expansion mismatch driven shape transformation problem. I 
assigned a hypothetical positive thermal expansion coefficient to the active layer with respect to 
the passive one and then gradually increased the bilayer temperature to achieve mismatch strain 
driven shape morphing. The active layer contained slight imperfection (the thermal expansion 
coefficients varied by 0.01% along the two in-plane orthogonal directions) for ensuring stable 
deformation beyond the point of bifurcation. To identify the unique post-bifurcated bending 
direction, I changed the orientation of the imperfection (between the green and blue arrows of 
Fig. 4.1(A)) and performed numerous simulations. In all cases, the bending modes shown in Fig. 
4.2(A) were preferred by the polygons. For establishing an energetic argument behind the 
preferential bending behavior, I increased the imperfection level (to 1%) and repeated the 
simulations to calculate the strain energy of polygonal bending with different major curvature 
axes. All the finite element calculations were performed using a Young’s modulus of 1.8 MPa 
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and a Poisson’s ratio of 0.49 but it is worth mentioning that the trends of the results remained the 
same for other choices of linear elastic material properties. To capture the effects of large 
displacements on bilayer morphing, I activated the nonlinear geometry option and used 
Newton’s method to solve the equilibrium equations. 
 
According to the literature, I obtained the non-dimensional mismatch strains S  and curvatures 




















 . Here, m  is the actual mismatch strain, R  is 
the circumscribing circle radius, h  is the individual layer thickness E  is the elastic modulus,   
is the Poisson’s ratio, and   is the actual curvature near the centroid (the subscripts b  and t  
denote the stimuli-responsive bottom and passive top layers respectively). The non-dimensional 





diff , where 2  and 
1  are the strain energies for mode 2 and mode 1 bending.  
 
I used Dow Corning Sylgard 184 (Ellsworth Adhesives) and Cirius Silicone Pigments (Dick 
Blick Art Materials) to prepare two sets of bilayer samples for characterizing the bifurcation 
behavior (first set) and validating the predictions of preferential bending beyond bifurcation 
(second set). For both the sets, first PDMS : white pigment mixture (1 part of pigment mixed 
with 8 parts of base and 2 parts of cross-linker) was spin-coated on top of glass substrates. The 
coated layer is then partially cured in an oven for 30 minutes at 90 ºC. After that, the second 
layer consisting of PDMS : purple pigment mixture (the mixing ratio remained the same as 
before for the first set of samples  but for the second set, 1 part of pigment was mixed with 20 
parts of base and 1 part of cross-linker) was spin-coated on top of the partially cured white 
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PDMS layer. The bilayer is then cured for 60 minutes at 70 ºC. The constituent layers had 
different cross-link densities owing to their differences in composition and curing conditions. 
After curing, the glass substrates were cooled to the room temperature and bilayer samples (Fig. 
4.3(A)) were cut from the substrates through 3D printed molds of different polygonal shapes. All 
the PDMS : pigment mixtures were thoroughly mixed and degassed in a vacuum chamber before 
spin-coating. The mentioned spin coating operations were done at 750 rpm for 30 seconds. I used 
the recipe for the second set of samples to perform the experiments with patterned bilayers (Fig. 
4.4 of the main text). I used 1-propanol and xylene (Fisher Scientific) as organic solvents to 
realize differential swelling induced shape transformation of the PDMS bilayers (the weakly 
cross-linked purple layer swells more than the highly cross-linked white one as the xylene 
concentration increases in the solvent mixture). The mismatch strains at different xylene 
concentrations were calculated from separate swelling ratio (defined as the ratio of the swelled 
length to the original length) reporting experiments as shown in Fig. 4.5. For identifying the 
bifurcation of the polygons, I experimented with 4 samples of each shape. I experimented with 
20 polygonal samples of each shape to constitute the statistical analysis results for post-
bifurcated bending directions. 
 
I used the image processing package Imagej to identify bifurcation and post-bifurcated bending 
directions of the polygons. As shown in the triangular bilayers of Fig. 4.6, the out-of-plane 
displacement scenario along the two adjacent edges remain similar prior to bifurcation. However, 
after bifurcation the two edges differ from each other owing to cylindrical bending. I used this 
concept to identify the bifurcation point from the experiments. For all the polygons, I took 
images of two adjacent edges at different mismatch strain levels. The bilayer edges are curved 
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during mismatch strain driven shape morphing and the extent of their curvatures could be 
identified by image processing. Through comparing the pixel locations of the curved edges, 
possible differences between them and hence the occurrence of bifurcation could be identified. 
The protocol is shown in Fig. 4.7 for triangular bilayers. The bending direction results shown in 
Fig. 4.3(D)-(G) were obtained by measuring angles between a cylindrical generator and a 
polygonal edge that is curved to a lesser extent in the post-bifurcated cylindrical configuration. 
 
4.3 Results 
At low mismatch strains, the bilayers demonstrate quasi-axisymmetric configurations where the 
deformation behavior is axisymmetric near the bilayer centroids but due to edge effects, the 
corners and edges deform in a slightly different manner. Bifurcation to an approximately singly 
curved state with a unique major curvature axis (direction along which the bilayer is bent) occurs 
at critical strains. Representative pre- and post-bifurcation behaviors of triangular and circular 
bilayers are shown in Fig. 4.8 - 4.10. The dependence of mismatch strain at bifurcation on 
polygonal shapes is shown in Fig. 4.1(B). Due to non-dimensionalization, results from different 
geometric families (varying in circumscribing circle radii “R” and bilayer thickness “t”) merge 
onto a single value for a given polygon. As shown, triangles require the highest mismatch strain 
for bifurcation followed by squares and, as the number of edges increases, bifurcation happens at 
lower strains and the critical strain approaches the limiting value for a circle. This trend could be 
understood by considering the sizes of the mid-section near the centroid of the polygons. Prior to 
its bifurcation, a triangle sustains high mismatch strains and develops a strongly curved quasi-
axisymmetric configuration as its easier to stretch the small mid-section near the triangle 









R ). With increasing number of 
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R  for a decagon, and R  for a circle in the 
limiting case) and the polygons eventually bifurcate at lower values of curvatures and mismatch 
strains. The effects of different geometric and material properties on the actuation of bilayer 
structures are shown in Fig. 4.11 of the supplementary material.  
 
The model also predicted the emergence of preferred polygonal bending directions beyond 
bifurcation. As shown in Fig. 4.2(A), regular polygons prefer to orient their major curvature axes 
in parallel to their undeformed edge (for polygons with an odd number of edges such as triangle 
and pentagon) or edges (for polygons with an even number of edges such as square and 
hexagon). Polygons with a higher number of edges such as octagon and decagon also 
demonstrated similar preferences to orient their major curvature axes (not shown). For 
convenience, future references to this preferential bending will be mentioned as mode 1. I 
performed additional simulations to understand the energetics behind the preferential bending. 
Figure 4.2(B) shows some results of the analysis where the strain energy for polygonal bending 
mode 1 was subtracted from that of a different configuration which is referred here as bending 
mode 2. The major curvature axis of mode 2 (blue arrows in Fig. 4.1(A)) is farthest away from 
that of mode 1. It is evident that for all the polygons there is no energy difference before 
bifurcation. Beyond bifurcation, the energy difference for a given polygon reaches a peak with 
increasing mismatch strains and then gradually drops to a lower value. While triangles, squares, 
and pentagons maintain positive values of energy difference (mode 1 is still favorable), hexagons 
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demonstrate negative values of energy difference (meaning mode 2 becomes favorable) at high 
mismatch strains. 
 
The preferential post-bifurcation bending of rectangles has been attributed to the edge effects 
which make bending along the longer axis energetically favorable[13]. This analysis builds upon 
that argument and establishes the preferred bending directions for regular polygons with different 
shapes. The elastic strain energy density maps for the 2 triangular bending modes are shown in 
Fig. 4.12. Of the 2 bending modes, mode 1 is preferable as it demonstrates an edge layer with 
low energy density (as shown at a mismatch strain away from the bifurcation point). However, at 
very high mismatch strains, the energy densities become relatively uniform for both the bending 
modes. The emergence of low energy regions near the corners and edges could be explained 
through their reduced lateral constraints. Before bifurcation, the polygons form quasi-
axisymmetric configurations with equal curvatures (near the centroid) along the two orthogonal 
directions. Beyond bifurcation, although cylindrical bending type of deformation along one 
direction becomes favorable, doubly curved regions (Fig. 4.13) with low energy densities emerge 
near the edges and corners (the reduced constraints enable them to curve along both the 
directions). With increasing mismatch strains, the double curvatures gradually vanish and 
consequently the energy variations become minute (Fig. 4.2(B)). The calculations showed that 
square-shaped bilayers have the biggest energy differences within the polygonal family at high 
mismatch strains. We ascribe this characteristic to the large angular distance between the two 
major curvature axes of the respective modes (45º as shown in Fig. 1(A), biggest within the 
family).  As shown in Fig. 4.14, the difference in orientation between the bending modes of 
square bilayers led to differences in curvature distributions and eventually resulted in large 
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energy differences. In Fig. 4.15, I presented the energy density contours for the two modes of 
hexagonal bending. As shown, changes in the number and location of edge layers are responsible 
for the change in preferred bending mode at high mismatch strains. The preferred bending mode 
for a given polygon strongly depends on its geometry. I found that for isosceles triangles, mode 2 
is preferred when the inclined edges are just 1% bigger than their horizontal counterpart (Fig. 
4.16).  
 
I did experiments with bilayer polymer samples to validate the finite element model predictions 
(Fig. 4.3). As shown, triangles required the highest critical mismatch strain for their bifurcation 
and polygons with a higher number of edges bifurcated at lower strains. The experiments also 
verified the preferential bending modes of triangles (mode 1), squares (mode 1), and hexagons 
(mode 2) at high mismatch strains beyond their bifurcation (Fig. 4.3 (D), (E), and (G)). The 
energetic difference between different bending modes of a pentagon becomes very small (close 
to zero) at high mismatch strains (Fig. 4.2(B)). This fact, coupled with the presence of 
imperfections in the experimental samples (local variations in thickness and material properties) 
resulted in the observed variations in the bending modes of the pentagons (Fig. 4.3(F)). While 
some variations were also observed for triangles and hexagons, squares demonstrated a perfect 
agreement with the model predictions owing to its large energy differences between the two 
modes at high strains (Fig. 4.2(B)).  
 
It is worth mentioning that the swelling of elastomers in organic solvents is a complex 
phenomenon. Within the framework of nonlinear finite elements, this process has been 
implemented by treating the polymeric gel as a compressible hyperelastic solid[17] that requires a 
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number of experimentally determined parameters such as the free swelling stretch of the network 
in the solvent, small strain shear modulus of the dry network, density of polymeric chains, 
mixing enthalpy between solvent and the elastomer, volume of the solvent molecules and their 
chemical potential. Since the goal of the computational analysis was to understand the mechanics 
of the stimulus-responsive bilayer behavior, I focused on the nonlinear geometric effects relevant 
to these structures and replaced the complex process of organic solvent induced elastomer 
swelling by a simple thermal expansion driven shape transformation of linear elastic materials. 
This approach allowed me to constitute the general predictions without incurring excessive 
computational costs (due to material nonlinearities) and experimental efforts (required for 
material characterization). To demonstrate the applicability of the model, I computationally 
investigated the behavior of the polygons from the bifurcation experiments ( 88.41
t
R ) with a 
second-order Ogden material model for dry PDMS. The calculations accurately captured the 
experimentally observed bifurcation strains (Fig. 4.3(C)).     
  
Motivated by convex and star-shaped polygonal grippers for robotic manipulations[18–21], I 
explored the possibilities to design self-actuating tether-less grippers from stimulus-responsive 
bilayers. In contrast to pneumatic and electronic means of actuation that often require heavy 
accessories such as pumps, compressors, fluid supply systems, and/ or power sources, my 
envisioned design relies on the programmable morphing of freestanding bilayers in response to 
changes in their surroundings. In principle, the gripping action arises from a particular mode of 
polygonal deformation (often referred as the dog-ear shape[13]) where the corners undergo 
significant out-of-plane displacements and the central areas remain unchanged. This type of 
deformation is difficult to achieve from isotropic mismatch strain actuated bilayers as they are 
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prone to bifurcation. Since bifurcation occurs due to the mismatch strain induced stretching of 
polygonal mid-sections, I proposed to constrain a portion of the mid-section (Fig. 4.4(A)) to 
achieve gripper-like configurations (Fig. 4.4(B)). Central areas of self-actuating structures are 
often constrained through attachment[13] and/ or connection[19] mechanisms for practical 
purposes. Hence the proposed scheme would be applicable toward a variety of functional griping 
devices across multiple length-scales. This analysis suggests the existence of a critical constraint 
to avoid bifurcation and generate selective polygonal deformations near the corners. The critical 
constraint for square-shaped bilayers is higher (owing to their bigger mid-section sizes, as 
discussed earlier) than their triangular counterparts (as shown in Fig. 4.17 of the supplementary 
material). Below the critical values, the polygons bifurcate into an approximately singly curved 
state. But due to added constraints, the bifurcation strains are higher than their unconstrained 
counterparts. Square bilayers demonstrate an additional mixed-mode bifurcated configuration 
(half dog-ear and half singly curved) near their critical constraint. This type of shape has been 
experimentally observed with micro-fabricated bilayers under certain conditions[13,22]. To realize 
the gripper-like shapes within the experimental framework, I fabricated patterned bilayer 
samples of triangular configurations (Fig. 4.4(C)) where a circular portion of the passive layer in 
the center of the triangle was removed. This design ensured that there was no mismatch strain 
within the central region (because of the lack of differential swelling) and thus enabled us to 
perform the experiments without the need of external constraints. As shown, I was able to induce 
the bilayers to achieve either the bifurcated or the dog-ear shapes depending on the center region 






In conclusion, I investigated the morphing behavior of self-folding bilayers in response to an 
external stimulus. Through computational modelling, I developed mechanistic understandings of 
the bilayer behavior and predicted their characteristics before and after bifurcation. The 
experiments with polymeric bilayers confirmed the model predictions. This work contributes to 
the broad field of self-assembly as the proposed design principles could be incorporated into 
stimulus-responsive actuators, therapeutic cargos, artificial muscles, reconfigurable biomedical, 


































Figure 4.1: (A) A family of regular convex polygons. In each case, the center of the 
circumscribing circle (red dot) coincides with the polygon centroid. The green and blue arrows 
for a given polygon bound all the unique major curvature axes for the post-bifurcated singly 
curved state. The acute angles between the two arrows depend on the polygon (30º for a triangle, 
45º for a square, 18º for a pentagon, and so on). (B) Shows the dependence of bifurcation 





































Figure 4.2: (A) Preferred bending directions (mode 1) for triangle, square, pentagon, and 
hexagon. The stimulus-responsive and passive layers are denoted by purple and green 
respectively. (B) The energy differences between bending modes 2 and 1 for square (purple), 
triangle (blue), pentagon (orange) and hexagon (red) are plotted against the mismatch strain. The 
red (hexagon), purple (square), and blue (triangle) double-headed arrows denote the major 







Figure 4.3: Top (A) and cross-sectional (B) views of the bilayer PDMS samples. (C) shows the 
bifurcation mismatch strains from experiments and computational analysis. Histograms 
demonstrate the percentage of triangles (D), squares (E), pentagons (F), and hexagons (G) 
assuming different post-bifurcation bending directions at a mismatch strain of 0.052. The results 
are presented in terms of angular deviations from the preferred bending mode of each polygon. 


































Figure 4.4: (A) Triangle and square from the same polygonal family with constrained circular 
areas (filled with black pattern) near their centroids. (B) Bifurcation mismatch strain and 
constraint requirements to achieve gripper-like configurations. Deformed shapes achievable at 
different levels of the constraint are also attached. (C) Patterned triangular bilayers with only the 
purple layer near the centroid. Depending on the pattern sizes, the samples demonstrated 




























Figure 4.5: Swelling ratios of lightly (green) and heavily (red) cross-linked PDMS with 
increasing concentration of xylene in the 1-propanol/ xylene mixture. The fitted polynomials are 





Figure 4.6: The scheme for identifying polygonal bifurcation is demonstrated by a triangle. (A) 
Shows the calculated out-of-plane displacement contour (blue means low and red means high) 
and a comparison of the displacement values along two different edges (marked by red and green 
double-headed arrows) at an instance prior to bifurcation. (B) Shows the contour and the 
corresponding comparison after bifurcation. The displacement values along a particular edge 






































Figure 4.7: The experimental scheme for identifying polygonal bifurcation is demonstrated 
through a triangle. (A) shows the images of two adjacent edges at a mismatch strain of 0.026 
(pre-bifurcation). A plot showing the comparison of pixel locations along the length of the two 
edges (obtained after image processing) is also included. (B) shows similar images at a mismatch 





Figure 4.8: Curvature vs. mismatch strain scenario for circular (A) and triangular (B) bilayers. 
Out-of-plane displacement contours (blue means low and red means high) are also attached to 
the plots. The red and green double-headed dotted arrows denote the major and minor curvature 
axis directions during post-bifurcation cylindrical bending. (C) shows how the curvature at 
bifurcation depends on polygonal shapes. All the curvature values were calculated near the 





Figure 4.9: Curvature contours (along the two orthogonal directions) of a circular bilayer before 
(A) and after (B) bifurcation. The curvature values throughout the structure were non-
dimensionalized by the minimum non-zero value (blue). The pre- and post-bifurcation out-of-
plane displacement contours (white means low and black means high) are also attached. As 
shown, the bilayer initially demonstrates non-zero Gaussian curvatures (product of principal 








Figure 4.10: Curvature contours (along the two orthogonal directions) of a triangular bilayer 
before (A) and after (B) bifurcation. The curvature values throughout the structure were non-
dimensionalized by the minimum non-zero value (blue). The pre- and post-bifurcation out-of-
plane displacement contours (white means low and black means high) are also attached. As 
shown, the bilayer initially demonstrates non-zero Gaussian curvatures which is greatly 













































Figure 4.11: (A) shows the effects polygonal shapes on bilayer actuation. Although the triangle 
bifurcates at a higher curvature, beyond bifurcation, other polygons demonstrate higher curvature 
values than that of the triangle. (B) shows the effects of moduli ratio (Elastic moduli ratio of the 
passive and stimuli-responsive layers) on the actuation of square bilayers. As the moduli ratio 






































Figure 4.12: Contours of elastic strain energy density at different non-dimensional mismatch 
strains for bending modes 1 (A) and 2 (B) of triangular bilayers. The energy density values 
throughout the structure at a given mismatch strain were non-dimensionalized by the 
corresponding minimum value (blue). The side having the edge layer is shown by a red arrow.  
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Figure 4.13: Contours of curvatures (along the two orthogonal directions) for bending modes 1 
(A) and 2 (B) of square bilayers at a very high non-dimensional mismatch strain. The curvature 
values throughout the structures were normalized by the minimum non-zero value (blue). The 





































Figure 4.14: Contours of curvatures (along the two orthogonal directions) for bending modes 1 
(A) and 2 (B) of square bilayers at a very high non-dimensional mismatch strain. The curvature 
values throughout the structures were normalized by the minimum non-zero value (blue). The 








































Figure 4.15: Contours of elastic strain energy density for bending modes 1 (A) and 2 (B) of 
hexagonal bilayers at different non-dimensional mismatch strains. The energy density values 
throughout the structures at a given mismatch strain were non-dimensionalized by the 
corresponding minimum value (blue). At low mismatch strains, mode 1 has lower energy due to 
the 2 edge layers (along the horizontal direction). At higher strains, while mode 1 sustains the 2 
edge layers, mode 2 develops 4 edge layers (along the inclined edges) which eventually lower 








































Figure 4.16: Preferred bending directions for isosceles triangles. Although the main text 
discusses about a length variation of 1%, for visualization purposes here we show the results for 
cases where the lengths varied by 30%. (A) Mode 2 is preferred when the two inclined edges 
(orange double-headed arrow) are bigger than the bottom-most horizontal edge (blue double-
headed arrow). (B) Mode 1 is preferred when the two inclined edges are smaller than the bottom-
most horizontal edge. (C) Experimental results of definitive mode 2 (i) and mode 1 (ii) 
configurations where the inclined edges are 30% bigger (i) and smaller (ii) than their bases. The 



























Figure 4.17: Bifurcation mismatch strain and constraint requirements to achieve gripper-like 
configurations with square bilayers. Deformed shapes achievable at different levels of the 
constraint are also attached. The results of triangular bilayers from Fig. 4.4(B) of the main text 
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Self-folded Gripper-like Architectures from Stimuli-responsive 
Bilayers 
The material in this chapter is currently under review 
 
 5.1 Introduction 
The realization of smart structures capable of autonomous reconfiguration in response to an 
external stimulus has the potential to revolutionize multiple technological disciplines by allowing 
humans an unprecedented control over the actuation of functional devices across length and time 
scales. Consequently, researchers are actively pursuing this line of research and, like many other 
fields, they have looked into the nature for inspiring design paradigms. In nature, non-muscular 
plants respond to changes in their surroundings by generating a variety of movements. Through 
control mechanisms (both active and passive) plants trigger water transport in and out of their 
layered cellular architectures, which eventually results in their shape transformation by 
generating differential turgor.[1,2] The fundamental understandings of plant responsive behavior 
have been utilized to design multi-layer systems where the constituent layers demonstrate 
different mechanical behaviors in response to externally applied stimuli such as electric fields, 
residual stress, electrochemical interactions, pH, biochemical enzymes, solvent concentration, 
moisture content, temperature, and light.[3–14] The above-mentioned structural framework has 
been used to achieve functionalities in a variety of disciplines including electronics, optics, 





Within the broad range of stimuli-responsive devices, self-folding grippers are of specific 
interest due to their biomedical applications. Tetherless, autonomous grippers undergoing shape 
reconfiguration in response to temperature, residual stress, biochemical entities, and enzymes 
have been used for biopsy (in vitro and in vivo), drug delivery, and single cell studies.[8,11,22–25] 
These multi-layer gripper designs were motivated by the prehensile biological hands seen in 
primates. Similar to hands, the grippers had a central section and several finger-like protrusions 
with spatially separated hinges. Owing to their differences in geometric and/or material 
characteristics from their surroundings, hinges in self-actuating devices introduce bending 
stiffness variations and thus make it possible to locally control the curvature of folding in 
response to external stimuli.[26–28] The hinged micro-grippers reported in the literature were 
fabricated by using conventional processing techniques including photolithography patterning, 
thin film deposition, and etching. Due to the multilayer nature, these devices require many 
processing steps and thus become expensive as the cost of microfabricated devices depends on 
the number of masks needed, design complexities, cleanroom equipment used, required chemical 
reagents, and processing time.[29] Moreover, having more layers might increase the number of 
defects within the devices, thereby compromising the robustness of their functionalities. 
Replacing the hinged multilayer architectures by simple bilayer systems of uniform thickness 
will not only simplify the current fabrication procedures for the grippers but also elucidate 
unique design principles for self-folding systems with diverse functionalities. 
 
In stimuli-responsive planar bilayers, the actuation scheme arises from the strain mismatch as 
one layer expands more than the other one in response to an external stimulus. Although the 
basic mechanism is straightforward, the shape transformation behavior of bilayer systems 
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depends strongly on their geometric configurations. While beam-like bilayers (width << length) 
undergo simple uniaxial bending[30], bilayer plates (width ~ length) experience both bending and 
stretching due to isotropic mismatch strains (applied stimulus). At low strains, the bilayers 
morph into quasi-axisymmetric shapes with non-zero Gaussian curvatures through a combination 
of out-of-plane bending and in-plane stretching. This combination is energetically expensive at 
high strains. Hence, the bilayers bifurcate into approximately singly curved states at critical 
strains.[31–33] Although bifurcation of equilibrium shapes is a universal phenomenon, the 
occurrence of bifurcation could be tuned through initial bilayer shapes.[34] For gripping 
functionalities, planar bilayers need to morph into axisymmetric cage-like configurations, where 
bifurcation into singly curved states needs to be prevented up to high strains. In this chapter, 
through a combination of computation and experiments, I investigated the bifurcation behavior 
of star-shaped bilayer samples and identified the design principles for generating tetherless 
gripper-like configurations in an on-demand manner. To gain a mechanistic understanding of 
bilayer morphing in response to an external stimulus, I employed the finite element method 
(FEM) and then validated the FEM predictions by performing swelling experiments of mm-scale 
cross-linked Polydimethylsiloxane (PDMS) samples in organic solvents. As the computational 
model is based on the theory of elasticity which is independent of length scales and material 
properties, the results of this work would be applicable to the diverse array of self-folding 
systems mentioned earlier. 
 
5.2 Generation of Star Polygons 
Star polygons could be drawn by systematically connecting discrete points that are distributed 
around the circumference of a circle in an equidistant manner. As a generic example, I 
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considered an array of eight points distributed around the circumference of a circle of radius R as 
shown in Figure 5.1. When each point is connected to its nearest neighboring point, a regular 
octagon with a Schlafli symbol[35] {8/1} emerges. In Euclidean geometry, the Schlafli symbol 
{p/d} denotes regular star polygons, where p is the total number of vertices and d means that 
every dth point is connected to each other (also referred as the density of the polygon). If every 
second or third point is connected to each other, octagrammic structures of higher densities with 
Schlafli symbols {8/2} and {8/3} are obtained. It is worth noting that when d exceeds the value 
of 4, the star shapes resemble the ones with lower densities (for example, {8/5} and {8/3} both 
represent the same star shape). This behavior is also observed for other selections of p and d (i.e. 
whenever d > p/2). When p = 8 and d = 4, each of the points are connected to their farthest 
neighbors and a wheel spoke-like shape forms instead of a closed polygon. Similar shapes are 
generated when p is even and d = p/2 (a few examples are {4/2}, {6/3}, {8/4} and so on). As 
these shapes could be used as grippers with finite width around the vertices, I incorporated this 
class of structures in this study and refer to them as Group 1 stars. As shown in Figure 5.2(a), the 
shapes of these stars depend strongly on the width of their fingers (denoted as w and W in Figure 
5.2(a)) and with increasing number of fingers of the same width, the star shapes approach their 
circumscribing circles in the limiting case. I also considered regular star polygons with two 
different densities (d = 2 and d = 4) and referred to them as Group 2 stars (Figure 5.2(b)). 
Similar to Group 1 stars, both the low density (with Schlafli symbol {5/2}, {6/2}, {7/2}, and so 
on) and high density (with Schlafli symbol {9/4}, {10/4}, {11/4}, and so on) Group 2 stars 
approach their circumscribing circles with increasing number of vertices. For all the shapes, the 
outermost edges were chosen to define the boundaries. In the FEM computations, all geometric 




To establish a mechanistic understanding of the stimulus-responsive morphing behavior of the 
star polygons, I employed the finite element method using ABAQUS.[36] I analyzed the shape 
transformation of the polygons by simulating a hypothetical thermal expansion mismatch 
problem (as temperature increases, active layer expands more than the passive layer). This 
strategy has been widely used to probe mismatch strain-driven structural behaviors consisting of 
diverse material systems and stimuli.[31,34,37–40] I incorporated a small imperfection in the model 
(the mismatch strains along the two in-plane directions varied by 0.01%) for continuous 
simulation of the morphing behavior before and after bifurcation.[31,34] I used 4-node general 
purpose shell elements (S4) with finite membrane strains. I performed separate mesh refinement 
studies to identify the optimum mesh size and used the medial axis algorithm to generate 
elements throughout the structure. As the goal of the present work was to understand the 
bifurcation of the bilayer star polygons, and eventually develop design principles for gripper-like 
architectures, I concentrated on the geometric aspects of the problem, and primarily used linear 
elastic material properties (Young’s modulus of 1.8 MPa and a Poisson’s ratio of 0.49) in the 
FEM computations to avoid extensive experimental and computational efforts. To validate some 
of the experimental observations through the computational framework, I used a second order 
Ogden material model. I activated the nonlinear geometry option available in ABAQUS to 
account for the geometric nonlinearities arising from the large deformation of the samples.  
 
I used polydimethylsiloxane (Dow Corning Sylgard 184 - Ellsworth Adhesives) and Silicone 
pigments (Cirius Silicone pigments - Dick Blick Art Materials) to fabricate bilayer samples. I 
prepared two sets of samples where the first set was used to identify the bifurcation behavior and 
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the second set was used to perform the actuation experiments. In both the cases, I first spin 
coated (30 seconds at 720 rpm) a mixture of PDMS and white pigment (1 part of pigment was 
mixed with 8 parts of base and 2 parts of cross-linker) on top of glass slides. Then I partially 
cured the spin-coated layer in an oven for 30 minutes at 90 °C. After that, I spin-coated the 
purple pigmented second layer on top of the partially cured first PDMS layer. The mixing ratio 
for the first set was, 1 part of pigment, 8.89 parts of base, and 1.11 parts of cross-linker; the 
mixing ratio for the second set was, 1 part of pigment, 9.23 parts of base, and 0.77 parts of cross-
linker. For magnetic field responsive samples, the purple pigment was replaced by an equal part 
of Iron (II, III) oxide nanoparticles (Sigma-Aldrich). The spin coating parameters were 30 
seconds at 1030 rpm for the first set and 30 seconds at 720 rpm for the second set. After spin-
coating the second layer, the bilayer is cured at 70 °C for 60 minutes. After curing, the bilayers 
were cooled to the room temperature and samples of different geometries were cut on the glass 
slides using a laser cutter. The constituent layers of the samples had varying cross-linking 
densities (due to their different compositions and curing conditions) and hence demonstrated 
different swelling behaviors in organic solvents. I used mixtures of 1-propanol and xylene 
(Fisher scientific) to perform the shape transformation experiments of the bilayers according to a 
previously reported protocol.[34] The experimentally determined bifurcation mismatch strains 
have been obtained from three identical specimens of each star polygon. To avoid hysteresis 
(arising from swelling and deswelling the bilayers multiple times), each sample was swelled only 
once and new batches were prepared for subsequent experiments. 
 
I used ImageJ[60] and followed a previously reported protocol to identify the bifurcation of 
bilayer star polygons. As reported earlier[34], I took bilayer images from different sides 
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(geometrically equivalent) for a given value of the mismatch strain. Bifurcation was identified by 
comparing the curved profiles (pixel locations) of the bilayers viewed from different directions.     
 
5.4 Results 
The results of the bifurcation behavior of the star-shaped samples are shown in Figure 5.2(c-f). 
For Group 1 stars, increasing the number of fingers for the same width or increasing the width 
for the same number of fingers lowers the bifurcation strain. The trend could be understood by 
considering the sizes of the star mid-sections (radius of the inscribing circle within a star 





, where w  is the width of an individual finger and n  is the 
number of fingers. This scaling relationship (Figure 5.2(d)) shows that increasing either the 
width or the number of fingers increases the mid-section sizes. Since bifurcation occurs to 
minimize the mid-section stretching[31,34], and the stretching becomes more difficult for bigger 
mid-sections, star polygons with higher finger width and/ or number of fingers tend to bifurcate 
at lower mismatch strains. As the two sets of the star polygons shown in Figure 5.2(c) have the 
same circumscribing circle, both of them demonstrate the same value of the limiting critical 
mismatch strain for bifurcation. Group 2 stars (Figure 5.2(e-f)) also show similar behavior where 
star shapes with a higher number of fingers bifurcate at lower strains. In this case, the mid-














 for the high-density star polygons where R  is the radius of the 
circumscribing circle and n  is the number of fingers. For the same number of fingers, star 
polygons with a higher density have smaller mid-sections than their lower density counterparts, 
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and hence they bifurcate at higher critical strains. Beyond bifurcation, all the polygons continue 
to maintain their singly curved states by bending along their major curvature axes (the directions 
along which the bending is preferred). Evolution of curvatures in a bilayer star polygon (pre- and 
post-bifurcation), preferred bending modes beyond bifurcation, and geometry effects on 
curvature-mismatch strain relationships have been shown in Figures 5.3 – 5.5. 
 
To realize axisymmetric gripper-like configurations, the star polygons need to reach high strains 
before bifurcation so that all of their fingers could come toward the mid-section and eventually 
create an enclosure. Bifurcated singly curved shapes will not be effective grippers as the object 
of interest held within them might escape through the openings oriented along their minor 
curvature axes. As the morphing behavior of the polygons strongly depends on their initial 
shapes, the critical mismatch strains at bifurcation could be tuned through their geometric 
parameters. I demonstrated this concept through the FEM calculations in Figure 5.2(g-h) where 
four Group 1 stars with various finger numbers and widths are shown with their transformed 
configurations at a given mismatch strain. The star polygons with bigger finger widths exhibit an 
approximately singly curved state while the ones with smaller finger widths continue to maintain 
their pre-bifurcation axisymmetric configurations. For polygons with larger finger widths, the 
out-of-plane bending along the minor curvature axes (shown by the blue arrow) is minute and 
hence the objects held by these bifurcated stars might escape through those openings. This will 
not be an issue for polygons with smaller finger widths as the bending is similar along all the 
directions. Thus, the model shows that it is possible to design gripper-like architectures in a 




 I fabricated mm-sized bilayer PDMS samples (Figure 5.6(a)) with varying cross-linking 
densities to experimentally investigate their stimulus-responsive shape transformation behavior. 
Some of the results of the experiments for the two star groups are shown in Figure 5.7. 
Consistent with the FEM calculations, both star groups demonstrated similar trends where 
bifurcation occurred at lower mismatch strains with bigger finger widths and/ or higher number 
of fingers. I used solvent induced swelling of cross-linked PDMS[40] to realize the mismatch 
strain (arising from the differential swelling of the two layers) that drives shape transformation of 
the star-shaped samples. Diffusion of solvent into the cross-linked PDMS network is a complex 
process where the polymeric gel undergoes changes in its shape and volume by establishing a 
thermodynamic equilibrium between molecular transport and network deformation.[41] The 
stimulus-responsive behavior of this type of polymeric gel could be captured through nonlinear 
material models requiring a variety of experimentally determined parameters such as the free 
swelling stretch of the network, its shear modulus at the dry state, the extent of the cross-linking 
density, the volume of the solvent molecules and their chemical potentials.[42]  
 
I performed swelling experiments with bilayer PDMS samples (Figure 5.6(b-c)), to demonstrate 
the gripper-like axisymmetric configurations as well as geometry-mismatch strain-curvature 
relationships of the polygons. At low mismatch strains, the polygons remain mostly planar with 
little out-of-plane bending deformation. With increasing mismatch strains, the polygons undergo 
more out-of-plane displacement and hence their bending curvatures increase. All the bifurcated 
star polygons (group 1 stars with bigger width and group 2 stars) demonstrated the trend where 
the ones with a higher number of fingers were more curved than those with a lower number of 
fingers at a given mismatch strain. This happens due to early bifurcation and hence bending 
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initiation along the major curvature axes of the polygons with more fingers. As shown in Figure 
5.6(b), the experimental results agree with the modeling predictions, i.e., at similar strains, the 
group 1 stars with bigger finger width transformed into bifurcated singly curved shapes while the 
ones with smaller finger width maintained their axisymmetric pre-bifurcated configurations. 
When the solvent concentration was reduced, the experiments showed that all polygons lowered 
their bending curvatures (in a reversible manner) through de-swelling. Although the group 2 stars 
studied in the experiments did not morph into gripper-like shapes due to the bifurcation, it is 
possible to tune their behavior through a rational selection of their geometric parameters. 
According to the FEM model, increasing the density of this group of stars while keeping the 
number of fingers low would impede their bifurcation and enable them to maintain their 
axisymmetric configurations at high mismatch strains.  
 
In Figure 5.8(a-b), I show the capabilities of deformed star polygons to retain objects within their 
grasps at varying mismatch strains. I used a soft PDMS block with a ferritic stainless-steel ball 
embedded within it and chose one Group 1 star with high finger width (Figure 5.8(a)) and 
another one with low finger width (Figure 5.8(b)) for the demonstration. At low mismatch 
strains, both the star polygons remained mostly flat and the PDMS block moved out of the 
polygons under the guidance of an external magnetic field applied through a circular magnet 
outside the container. When the mismatch strain increases, the star polygon with a high finger 
width bifurcated into a singly curved state and the PDMS block escaped from the star polygon’s 
grasp through the opening along its minor curvature axis. On the other hand, the star polygon 
with a low finger width transformed into an axisymmetric shape at high mismatch strains. The 
PDMS block stayed inside the star polygon and moved with it under magnetic guidance.  
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I also demonstrated the capabilities of the star polygons to sort objects of different sizes (Figure 
5.8(c-d)). I used two magnetically responsive PDMS blocks with 2mm x 2mm x 1mm (red) and 
4mm x 4mm x 1mm (blue) dimensions and then experimented with two axisymmetrically 
deformed (same mismatch strain) Group 1 stars having four and eight fingers. As shown in 
Figure 5.8(c), the four-fingered structure failed to hold the smaller red cargo while the eight-
fingered star successfully retained the cargo. This selectivity arises from the gap size between the 
individual fingers. The size-specific selectivity vanishes when the object of interest becomes 
bigger (Figure 5.8(d)). These results show the potential of the proposed bilayer structures for size 
sorting of cargos and capturing biopsy tissue samples of specific sizes for diagnostic purposes. It 
is worth mentioning that the forces generated at a given finger (within a star) would be directly 
proportional to its curvature values (at an applied mismatch strain) and constituent material 
properties, both of which could be adjusted within the proposed design framework. 
      
The design principles described so far could be used to achieve highly customizable 
axisymmetric/ asymmetric shapes simply through the differential swelling of a bilayer system. I 
present some examples of this idea in Figure 5.9(a) where four, six, and five-fingered stars of 
different geometries are shown at low and high mismatch strains. Through the modification of 
individual finger widths within a given star geometry, I was able to tune the post-bifurcated 
bending directions and achieve transformed configurations with selectively actuated fingers (e.g., 
two fingers of a four-fingered star, two and four fingers of a six-fingered star, etc.). Selective 
actuation of gripper fingers is often desirable for certain gripping and soft robotic applications 
and on this front, tethered means of actuation (such as electrical, pneumatic, and hydraulic) have 
been reported in the literature.[10,43–45] This work complements the existing literature as I showed 
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the possibility of achieving tether-less and on-demand selective actuation of self-folding bilayers 
in response to changes in their environment (chemical stimulus). Tunable pre- and post-
bifurcated configurations obtained from five-fingered structures establish the applicability of this 
work to design bilayer stars with an arbitrary number of fingers. I also experimented with a 
design reported in the literature[24] where the fingers had rectangular profiles near their mid-
sections but became triangular near the tips. The results show the possibility of achieving 
asymmetric and axisymmetric shapes at high mismatch strains through the modification of their 
geometric parameters (Figure 5.10).  
 
One possible application of the above-mentioned structures would be to grasp and deliver objects 
of irregular shapes (e.g., one dimension being significantly different from the other two). To 
demonstrate this idea, I showed in Figure 5.9(b) that a bifurcated five-fingered structure, guided 
by external magnetic field, could “carry” a PDMS block (8mm x 2mm x 1mm) to the desired 
location and release it. Contrary to the previous demonstrations where the delivery of a “cargo” 
requires deswelling of the bilayers through changes in the external stimulus, this demonstration 
manifests a different paradigm where the delivery could be accomplished through the 
manipulation of the guiding magnetic field. 
 
It should be noted that the formation of gripper-like architectures demonstrated in this work 
could be achieved through a variety of stimuli-responsive material systems and gripper design 
schemes. Although I used PDMS to generate gripper-like architectures, the proposed design 
principles would be applicable to a variety of stimuli-responsive material systems since they are 
based on the computational framework which is independent of length scales and material 
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properties.[46] In this regard, metals responsive to residual stresses (Cr[23]), oxidative/ reductive 
environments (Cu[47]), and heat (low melting point alloy[48]); polymeric systems responsive to 
chemical/water diffusion (photoresist[9,23,49] and PEDOT:PSS[10]), heat (photoresist[11,23], LCE[50], 
and SMP[51]), light (photoresist[52], LCE, and SMP[53]), biochemical enzymes (gelatin and 
carboxymethylcellulose[8]), and magnetic fields (PPY embedded with Ni/ Au[54]); hydrogels 
responsive to heat (pNIPAM[24,55]), water/solvent diffusion (PEGDA[56] and PGMA[57]), salt 
concentration (PMETAC[57]), pH (AA and DMAEMA[58]), and light (graphene oxide/ polypetide 
composite[59]); and oxides responsive to residual stresses (SiO/ SiO2[22]) could be incorporated 
into bilayer architectures to realize stimuli-responsive functional grippers.  
 
Through appropriate chemistry-based and engineering design principles, the above-mentioned 
material systems could be made responsive to multiple stimuli without sacrificing their 
performance/structural integrity. I manifested this concept by fabricating bilayer PDMS samples 
that are responsive to both solvent concentrations and external magnetic fields. As shown in 
Figure 5.9(c-d) the bilayer sample demonstrated asymmetric/axisymmetric deformation behavior 
at high mismatch strains and followed the magnetic guidance at both planar and curved 
configurations. I also showed the capabilities of the bilayered structures to be directed to a 
desired cargo, enclose it through axisymmetric folding, and deliver it to a distant location. These 
illustrations build upon the design principles proposed through this research and present 
opportunities for autonomous multi-field responsive picking/ placing, cargo delivery, and soft 






In conclusion, this work establishes the design principles to realize gripper-like configurations 
from stimuli-induced folded bilayers in a tetherless and on-demand manner. I developed finite 
element models of the stimuli-responsive shape transformation behavior of the bilayers. The 
computational predictions have been verified experimentally with mm-scale 
Polydimethylsiloxane (PDMS) bilayer samples upon differential swelling in organic solvents. As 
examples, I demonstrated the capabilities of these architectures to retain, transport, and deliver 
cargos of different sizes in an as-required manner. I also achieved varying degrees of selective 
actuation of the bilayered stars in response to a uniformly applied stimulus. As the finite element 
technique is independent of length scales and material properties, the proposed design principles 
would be applicable to a diverse array of gripping/soft robotic systems consisting of different 
geometric parameters and/or material systems responsive to single/multiple stimuli (also 
demonstrated in this work). Besides proposing a simple route to fabricate micro-grippers, this 
work contributes to self-assembly in general and hence, the findings could be used to realize a 

















Figure 5.1: Generation of star-shaped polygons from discrete points. The points are shown as red 




















































Figure 5.2: (a) Shows group 1 stars (rectangular finger profile) with varying finger numbers (4, 
6, 8, and so on) and widths (w and W). (b) Shows group 2 stars (triangular finger profile) with 
varying finger numbers (5, 6, 7, and so on) and densities. For both star groups, the 
circumscribing circles of radii R (black dashed lines) with their centers (black dot) are also 
shown. The relationship between the bifurcation mismatch strains (Finite element calculations) 
of the stars, their mid-section sizes (inscribing circle radii), and geometric parameters are shown 
in (c-f). (g-h) Shows the original and transformed configurations of four and six-fingered 
structures with bigger and smaller finger widths. The stimulus-responsive and passive layers are 
denoted by purple and green, respectively. The major and minor curvature axes are shown by the 







Figure 5.3: Curvature vs Mismatch strain scenario for a group 1 star with 4 fingers. Out-of-plane 
displacement contours (blue means low and red means high) are also attached to the plots. The 
red and green double-headed dotted arrows denote the major and minor curvature axis directions 








Figure 5.4: Preferred bending modes (just beyond bifurcation) for Group 1 stars with 4 (a), 6 (b), 
and 8 (c) fingers. The stimulus-responsive and passive layers are denoted by purple and green, 
respectively. The major curvature axes in each case are shown by red double-headed arrows. (d) 
Shows the energy differences between two modes at varying mismatch strains (the strain energy 
of the preferred mode has been subtracted from that of the mode whose major curvature axis is 






Figure 5.5: Major curvature vs mismatch strain scenario for group 1 stars with varying geometric 
parameters. For the same circumscribing circle radii, star polygons with lower number of fingers 
and/ or width bifurcate at higher strains and curvatures. The star polygons that bifurcate at low 
strains demonstrate stronger curvatures (at a given mismatch strain) due to their early initiation 





























































Figure 5.6: (a) Shows the top (i, iii) and cross-sectional (ii) views of the fabricated bilayer PDMS 
samples. (b-c) Shows the evolution of shapes with varying mismatch strains for group 1 and 
group 2 stars. The geometric parameters are: R/t = 30, W/t = 15 for high finger width, W/t = 5 
for low finger width, d = 2 for low density, and d = 4 for high density stars. Scale bars are 5 mm 









Figure 5.7: Experimentally obtained bifurcation mismatch strains for group 1 (a) and group 2 (b) 
stars are shown. In both the cases, computational results using an Ogden material model are also 
attached. The geometric parameters are: R/t = 46, W/t = 31 for high finger width, and W/t = 23 






Figure 5.8: (a) Shows a six-fingered star polygon’s (bigger finger width) inability to hold onto a 
PDMS block under an externally applied magnetic field at low (i, ii) and high (iii, iv) mismatch 
strains. (b) Shows a six-fingered star polygon’s (smaller finger width) inability at low mismatch 
strains (i, ii) and capability at high mismatch strains (iii, iv) to hold onto a PDMS block under an 
externally applied magnetic field. (c) Shows the inability of a four-fingered star and the 
capability of an eight-fingered star to retain a small PDMS block. (d) Shows the capabilities of 
both the stars to retain a big PDMS block. The geometric parameters are: R/t = 30, W/t = 15 for 





Figure 5.9: Star functional behaviors.  
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Figure 5.9: (a) Shows the shape transformation behavior of stars with varying geometries.  (b) 
Shows the transport and delivery of a PDMS bar by a bifurcated five-fingered star under the 
guidance of a magnetic field. (c) Shows the shape transformation behavior of magnetically 
responsive four-fingered stars with bigger (i) and smaller (ii) finger widths. (d) Shows the 
magnetic guidance of a bilayer star in its planar and curved configurations. It also demonstrates 
picking-up and placing of an object (yellow-colored) by the bilayered star. The geometric 
parameters are: R/t = 30, W/t = 15 for the broader fingers, and W/t = 5 for the narrower fingers. 































Figure 5.10: Shape transformation behavior of star-shaped bilayers (with a pointed profile near 
the tip and a rectangular profile near their mid-sections) at high mismatch strains. The star 
polygons with wider fingers demonstrates a bifurcated shape while the one with narrower fingers 
demonstrates an axisymmetric gripper-like configuration. The geometric parameters are: R/t = 
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Kirigami Inspired Self-assembly 
 
6.1 Introduction 
Fabrication of complex three-dimensional architectures where the structural characteristics and 
functionalities are derived from not only the constituent material properties but also from the 
actual configuration of the system itself remains as one of the challenging problems within the 
realm of science and engineering[1]. To this end, the ancient Japanese art form of cutting and 
folding flat sheets of paper, also known as Kirigami, provides scalable routes to realize intricate 
3D shapes from two-dimensional material systems[2]. Depending on the types of Kirigami cuts, 
the constituent structural units between the cuts might undergo out-of-plane buckling or rotation 
with respect to the hinges separating them from each other[2]. Both the above-mentioned 
behaviors are examples of mechanical nonlinearities and researchers have utilized them for 
designing dynamic solar tracker[3], small-scale actuator[4], optical beam steering system[5], 
graphene-based devices[6], stretchable electronics[7], soft robots[8], and reprogrammable 
metamaterials[9]. Shape reconfigurability in the above-mentioned systems has primarily been 
achieved through mechanical loading. This work aims to investigate the stimuli-responsive 
autonomous shape transformation behavior of bilayers with Kirigami cuts. Two types of cuts 
namely radial and side cuts on pristine square and rectangular geometries have been investigated. 
I used a combination of finite element modeling and experiments to understand the mechanics 
behind bilayer morphing. I also demonstrated possible applications of the structures as tunable 
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optical transmission and reflection systems, and as complex biaxially curved three-dimensional 
architectures.    
  
6.2 Methods 
The finite element computations were performed through the same protocol as described in 
chapter 5. For experiments, I used polydimethylsiloxane (Dow Corning Sylgard 184 - Ellsworth 
Adhesives) and Silicone pigments (Cirius Silicone pigments - Dick Blick Art Materials) to 
fabricate bilayer samples. I prepared two sets of samples where the first set was used to perform 
the actuation experiments and the second set was used to do fluorescence imaging. For the first 
set of samples, the strongly-crosslinked layer was prepared by mixing 1 part of white pigment, 8 
parts of base, and 2 parts of cross-linker. The weakly cross-linked layer's mixing ratio included 1 
part of purple pigment, 9.5 parts of base, and 0.48 parts of cross-linker. For the second set of 
samples, the strongly cross-linked layer's mixing ratio was 1 part white pigment: 2 parts cross-
linker: 8 parts base: 1.1 parts Fluorescein sodium salt and the weakly cross-linked layer's mixing 
ratio was 1 part purple pigment: 0.322 parts cross-linker: 9.68 parts base: 1.1 parts Alexa Fluor 
dye. The spin-coating parameters for the first set of samples were 30 seconds at 720 rpm and 
those for the second set of samples were 30 seconds at 1030 rpm (for both layers). For both the 
sets, the strongly cross-linked layer was spin-coated first (on glass slides) and then partially 
cured at 90 °C for 30 minutes. Then the weakly cross-linked layer was spin-coated on top of the 
partially cured layer and both the layers were cured at 70 °C for 60 minutes. After curing, the 
bilayers were cooled to the room temperature and samples were cut from the glass slides by a 
laser cutter. The protocol for swelling experiments remained the same as described in the earlier 
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Figure 6.1(a) shows the first group of structures where radial cuts are introduced within a square 
shape. The cuts start from the circumferential region of a circle at the square mid-section and 
then they are extended up to the edges. For a square of arm length L, these shapes could be 
defined by the radii of the circular mid-section R and cut width D (angle subtended by the cut 
geometry at the center of the square). The finite element computations for the bifurcation of 
these structures are shown in Fig. 6.1(b). As shown, shapes with bigger R bifurcate at lower 
strains while showing minor dependence on the cut width. When the mid-section circle radius is 
smaller, bifurcation occurs at higher strains as the radial cuts become bigger. Figure 6.1(c) shows 
the pre- and post-bifurcated shapes demonstrated by these structures. For structures with smaller 
R, two types of pre-bifurcated shapes have been observed. When the cut widths are bigger, an 
axisymmetric cage-like structure (demonstrated earlier) evolves. For smaller cut widths, a flower 
petal-like shape has been obtained where free corners of individual triangular plates come toward 
each other as out-of-plane deformation occurs. 
 
In Figure 6.2, I show possible applications for the above-mentioned structures as tunable optical 
transmission and reflection systems. For these demonstrations, I incorporated fluorescence 
nanoparticles within the PDMS matrix and performed fluorescence microscopy at varying 
mismatch strains. Fig. 6.2(a), (b) shows a geometry with bigger cut widths at low and high 
mismatch strains with corresponding grayscale values. A nonzero grayscale value refers to 
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varying degrees of optical reflection while a value of zero means a complete transmission of 
light. As shown, the size of the reflection window changed due to the shape transformation 
behavior of the sample. Fig. 6.2 (c) - (f) shows the tunability of both the transmission and 
reflection windows (along different directions) for a sample with smaller cut widths. 
 
The second group of structures are squares/ rectangles with side cuts and they are shown in 
Figures 6.3 - 6.4. The cuts essentially decompose a structure with a single aspect ratio into 
multiple plate and beam-like shapes with varying aspect ratios. The curvature values along the 
major (primary direction of bending) and minor (the direction along which the pristine 
rectangular and square shaped structures are flat) axes are also shown. Owing to their different 
lateral dimensions, the constituent beams and plates demonstrate variations in their bending 
curvature values and thus present the opportunity to realize complex bi-axially curved three-
dimensional shapes. Representative examples are shown in Figure 6.5 where English alphabets 
were realized through the swelling of rationally designed bilayers to make up UIUC (University 
of Illinois at Urbana–Champaign) and MechSE (Mechanical Science and Engineering).    
 
A combination of radial and side cuts could also be used to develop complex three-dimensional 
shapes of interest in an on-demand manner. In Figure 6.6, triangle and squares of varying sizes 
were modified with the cuts to create geometries where multiple triangular (equilateral) and 
square shaped plates were connected to each other through narrow beams. After the application 
of mismatch strains, the bilayers transformed into pyramids/ five-faced open boxes (pre-
bifurcated) or post-bifurcated shapes depending on their geometric parameters. Bifurcation of 
these structures depends on the arm lengths of the individual triangles/ squares. For the same 
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bilayer thickness, shapes with bigger arms bifurcate at lower strains compared to their 
counterparts with smaller arms.    
 
6.4 Conclusion 
In conclusion, taking inspiration from the ancient art form Kirigami, I investigated the stimulus-
responsive shape transformation behavior of bilayer with spatial cuts. Two types of cut 
geometries namely radial and side cuts were introduced within polymeric bilayers their morphing 
was studied through a combination of finite element analysis and experiments. Bilayers with 
radial cuts were used to demonstrate a tunable optical system where the transmission and 
reflection windows for fluorescent light could be controlled through their transformed shapes. 
Bilayers with side cuts were used to realize complex three-dimensional shapes with biaxial 
curvatures. A combination of radial and side cuts was also introduced to generate pyramids with 
triangular faces and open boxes with square faces. For all the cases, finite element computations 
revealed the mechanistic understandings behind the bilayer deformation mechanisms and how 
their morphing behavior could be controlled by rational selection of the geometric parameters. 
The design principles reported in this work contribute toward the realization of diverse classes of 





















































Figure 6.1: (a) Squares with radial cuts showing the edge length, mid-section circular radius and 
cut width. (b) Dependence of bifurcation mismatch strains on geometric parameters. (c) 
Experimental demonstration of pre-bifurcated and post-bifurcated shapes obtained from squares 




























































































































Figure 6.2: (a) Fluorescence images of a sample with bigger cut width at low and high mismatch 
strains. (b) Corresponding grayscale profiles along the length (blue and red lines) of the sample. 
(c), (e) Fluorescence images of a sample with smaller cut width at low and high mismatch 
strains. (d), (f)) Corresponding grayscale profiles along the length, width, and diagonal (blue, 




















































Figure 6.3: (a) Rectangular shapes (edges marked as W and H) with side cuts resulted in 
interconnected beam and plate-like structures with varying aspects ratios (some examples are 





















































Figure 6.4: Square shapes (edges marked as W and H) with side cuts resulted in interconnected 
beam and plate-like structures with varying aspects ratios (some examples are marked as H1, W1, 




















Figure 6.5: Squares and rectangles with side cuts were swelled to make up UIUC (University of 














Figure 6.6: Triangles and squares with a combination of radial and side cuts were swelled to 
obtained bifurcated (a) and pre-bifurcated configurations (b) such as pyramids and five-faced 
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Conclusion & Future Directions 
 
7.1 Summary 
This thesis investigated the programmable and on-demand shape transformation behaviors 
stimuli-responsive bilayer systems. The adopted approach constituted of finite element modeling 
to develop a mechanistic understanding and experiments with mm-scale cross-linked polymeric 
samples to validate the model predictions. As the findings of this thesis are based on the 
principles of continuum mechanics, the results would be applicable to a variety of engineered 
material systems across length scales. Below I mention the primary findings of individual 
chapters: 
 
In chapter 2, I investigated the stimuli-responsive shape transformation behavior of 
hemispherical bilayer domes. It has been found that, after snap-through, the domes encounter 
bifurcation buckling as they transition from their inverted spherical state to a cylindrical shape at 
critical strains. My model elucidated the effects of different geometric parameters on the two 
deformation mechanisms and the energy barrier prior to snap-through. The results of this work 
could be used to realize fast actuation with soft material systems which is challenging owing to 
their inherent dissipation characteristics.  
 
In chapter 3, I computationally investigated the stimuli-responsive shape transformation behavior 
of a curved bilayer attached to flexible supports. My model revealed the effects of different 
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geometric parameters on the beam morphing behavior in general, and it has been found that, 
depending on the attached support stiffness, the bilayer experienced a gradual inversion, 
snapping and creasing with increasing mismatch strains. Snapping and creasing are two distinct 
types of mechanical instability where the former indicates rapid inversion and the later indicates 
the formation of localized folds with self-contact.  
 
In chapter 4, I investigated the bifurcation behavior of self-folding bilayers. During stimuli-
responsive morphing, initially, the bilayers assume axisymmetric spherical shapes but then 
bifurcate to asymmetric cylindrical shapes as the mismatch strain increases. Bifurcation of 
equilibrium states occurs in an effort to minimize the mid-section stretching. My model 
demonstrated the effects of initial shape, edge layers, geometric nonlinearities on the pre- and 
post-bifurcation behavior of bilayers. I also demonstrated a special class of pre-bifurcated 
shapes, namely the dog-ear shape from spatially patterned bilayers. 
 
In chapter 5, I proposed the design principles to realize gripper-like configurations from 
hingeless self-folded bilayers in a tetherless and on-demand manner. Microgrippers that are 
widely used in micromanipulation and biomedicine are currently fabricated from multilayer 
architectures with spatially patterned hinges consisting of stimuli-responsive materials. 
Replacing the multilayer design by simple hinge-less bilayers will not only simplify the gripper 
fabrication procedure but also enable novel functionalities. I experimentally demonstrated the 
capabilities of the bilayer grippers to pick-up, retain, transport, and deliver cargos of different 
sizes in an as-required manner. I also showed that it is possible to achieve varying degrees of 




In chapter 6, I demonstrated the effects of Kirigami cuts on the shape transformation behavior of 
self-folded bilayers. I introduced radial and side cuts within square and rectangular shaped 
geometries and showed that their bending curvatures could be tuned in an on-demand manner 
through the modification of their geometric parameters. Using the swelling induced bilayer 
morphing behavior, I realized optical systems with tunable transmission and reflection windows, 
complex bidirectionally curved three-dimensional shapes in the form of letters from the English 
alphabet, and pyramids/ open boxes with triangular/ square faces. The results of this work could 
be used to design shape-transforming metamaterials with diverse functionalities.    
 
7.2 Future Directions 
The main motivation behind the works reported in this thesis was to demonstrate how a 
comprehensive mechanistic understanding could help us to better explain the self-folding 
behavior of stimuli-responsive systems and subsequently enable sets of facile fabrication 
strategies to realize complex three-dimensional architectures and novel functionalities. Toward 
that goal, several directions of research could be explored building upon the works reported in 
this dissertation as described below: 
 
• In my finite element computations, I modeled the solvent-induced differential swelling of 
polymeric bilayers as an equivalent thermal expansion problem. Specifically, I assigned 
hypothetical thermal expansion coefficients to the constituent layers (depending on their 
crosslinking density) and investigated their morphing in response to an applied 
temperature field with linear elastic constitutive relationships. Swelling of PDMS in 
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organic solvents have been explained through higher order nonlinear elastic material 
models. While the adopted approach to solve a reduced order problem enabled me to 
identify the general trends with reasonable computation costs, I could only validate the 
predictions in a qualitative manner. For quantitative validation, the mechanical properties 
of dry and swelled PDMS (such as the free swelling stretch of the polymeric network in 
the solvent, small strain shear modulus of the dry network, density of polymeric chains, 
mixing enthalpy between solvent and the elastomer, volume of the solvent molecules and 
their chemical potentials) could be characterized and then incorporated within the 
simulation framework. 
 
• The experimental demonstrations in this work used solvent induced swelling of cross-
linked PDMS. This is different from the broad array of functional self-folding systems 
reported in the literature as they relied on the pH, temperature, magnetic field, residual 
stress, and biochemical enzyme responsive behaviors of hydrogels, metallic, and ceramic 
thin films. Efforts to incorporate the proposed design principles of this thesis within 
stimuli-responsive material systems of functional relevance would be a big step toward 
the realization of smart, autonomous systems with on-demand shape reconfiguration 
capabilities. 
 
• The exploration of possible shapes achievable through patterned plate-like bilayer 
systems using the fabrication and experimental protocols reported in this work would be 
another interesting avenue to pursue. Although I reported some work along that line of 
research in chapter 4, more comprehensive efforts elucidating the effects of mono- and 
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bilayer thicknesses with their spatial distributions on bilayer morphing could propose 
novel fabrication routes to generate previously unexplored shapes. 
 
• Finally, optimization techniques could be used to better complement the geometry- 
mismatch strain- transformed shape relationships reported in this work. Information such 
as the presence/ absence of different structural instabilities, their dependence on different 
geometric parameters/ material properties, and the range of transformed shapes 
achievable for given sets of initial configurations could be obtained from systematically 
performed optimization studies. This not only would reduce the number of failed 
experimental trials to a significant extent but also could reveal deformation mechanisms 
left undiscovered.    
 
 
 
 
 
 
 
 
 
 
 
